CHAPTER 1: MATRICES AND DETERMINANTS
2 - MARKS, 3 -MARKS ( 5- MARKS ONLY QUESTIONS GIVEN)

2 MARKS
EXERCISE 1.1 : 1(i). Find the adjoint of (_63 ‘2‘)
Solution:
(-3 4
A= ( 6 2)
. 2 -4
adjA=(A)T = (—6 _3)

Exercise 1.1 (2) (i) : Find the inverse of [_ _ ]

Solution: A= [_ 3 ]
T == (AdjA)
Al=|" _ |=6-4=2
adia =" ]
- =2 ] ¢ )
Exercise 1.1(9): If adj A = ( - ) find A1
Solution:
adjA= ( - )
ladjA| = ‘ - ‘ =0+ 2(36-18) + 0=2(18) = 36
- = iﬁ(ade)=iF<_ - )

Exercise 1.2 (1) (i):
Find the rank of the matrix by minor method:(_ B )
Solution:
A= (_ B ) ; Ais a mattrix of order 2X2; p(A) < min{2,2}
=2
1=]_ 7 |z4-4=0;p) 22 pA)<2
ai1=2Z#0  Since 1x1 minor not equal to zero p(A) =1
Exercise 1.2 (1) (ii):
Find the rank of the matrix by minor method:< - )
Solution:

(0 -)
Ais a mattrix of order 3 X 2; p(A) <min{3,2} =2
="

Since 2 x 2 minor not equal to zero

_ |F7-12=5 #0;

P(A) =2

Exercise 1.2 (1)(ii):
Find the rank of matrix by minor method:(

Solution:
A=( 2 20)
Ais amattrix of order 2 X 4; p(A) = min{4,2} =2

Consider A =| : |=-6+6=0

ConsiderA=|: - |=6—6=0
We must find all possible 2 x 2 minors of A check |A| =
Consider A = |: |=-1_o=-1¢

Since 2x 2 minor notequaltozero  p(A) =2

Exercise 1.2 (1)(iv):

Find the rank of the matrix by minor method:

()

Solution:

Ais amattrix of order 3 X 3; p(A) =min{3,3} =3

A =

= 1(-4+6) + 2(-2+30) + 3(2 - 20)
=1(2) +2(28) +3(-18) =2 +56-54 =4 #
P(A) =3

Since 3 x 3 minor not equal to zero




3 MARK QUESTIONS
EXERCISE 1.1
2 31 —3—1 2—3—3
1(ii) Findtheadjointof<3 4 1)_ 3 4 1><:§ 4 ]
3 7 2 37><2 >17 y
2 31 P 3 12 3 1
Solution:A=<3 4 1) B 4 13 4 ¢
3 7 2 B—F—23—F—7P
8—7 3—6 21-12
adj A (Ac)T_[7—6 4-3 9-14
3—4 3—2 8-9 |
1 -3 9 1 1 -1
=ll 1 —5] =|—3 1 1]
-1 1 -1 9 -5 -1
1(iii).
L 2 2 1
Find the adjoint of 5(—2 1 2) +4 ><§ 2><1 P
1 -2 2 l —2 2
_ (2 21 2 212 21}
Solution: AZE -2 1 2 2 1 2 -2 1 2
1 -2 2 : 2 2 4 9
+ + -
R
- - - +
_1_ Y N
) B T -
Exercise 1.1 (2) (iii): Find the inverse of ( )

Solution: let A= ( )

|Al = 2(8 - 7) -3(6 - 3)+1(21 - 12) = 2(1) - 3(3) + 1(9)

=2-9+9=2 (inverse exists)

8—7 3—-6 21—-121
adjA=(A)" = [7 6 4—3 9-— 14]
3—-4 3-2 8-

9 1
SRR R I
9 -5 -1

1 1 -1

- =ﬁ(Ade)=—[—3 1 1]

9 -5 -1

Practise Ex 1.1 2(ii)

Exercise 1.1 (5): IfA = —( ) provethat ~ =

e )
+ o+ -+ - - + +
= —[ - + - + + + - l
-+ + + - + +

- — l = l = |3
AAT=ATA=|, T =AT
Exercise 1.1(6):
IfA= (_ - ) verify that A(adj A) = (adj A)A = |A|l2
Solution:

adja=( )

Aedin=(_ )

)=( )

A(adj A) = (adj A)A = |A]lz = (

Al =4 (

). Hence proved

Exercise 1.1(9): Ifadj A = < - ) find A1

Solution:

ade=< B — )

ladj Al = - - ‘ 0+ 2(36-18) +0=2(18) =36
- o= iﬁ(ade)




Exercise 1.1 (7): A= (
verify that (AB)* = B?A?

Exercise 1.1(10): Find adj(adj A), if adjA= (

SOLUTION:

Solution: A=( ),B= - —) _ B
PR WL as( ) ) _
=( ) M= | =+ :l ]
ej=|  |=-717+00=13 _ _ N
adjB)=(_ ) ExerCisﬂll[(—n): AJ(_[ ])’Showmat
( )7 =7 (AdiAB)=— (: ) ATA'1=( _ )
B=(" ~ )andB|=|" ~ |=-2+15=13 SOLUTION:  [A]=1+tan?® = sec?x
adjp=(_ _ ) ACjJ /:—_((Ade) ) and AT= (
e =—( ) Tmean
A=( )and|Al=| |=1514=1 = ) ) )
a=( - e T (T )
adjA= (_ ) =COSZX( ) : ] )
- =ﬁ(Ade)=—(_ - ) + - +
w=-(_ )L oL )L ) mes T

cos?x — X cos?x
(AB)1=BAl= — (: ) Hence proved. - ( cosx cos?x — cos2x>
_ — (coszx - - )
Exercise 1.1(8): If adjA = <— - ) find A cos?X —
Solution: A= = adj(adj A) =( )

N |
- Exercise 1.1(12):
Find the matrix A for which A(_ _ ) (

|Ade|=’— - - - - ()
=2(4-0)-(4)(6-14)+20+24)+ - - - 5o uTiON:

= 2(24) + 4(-20) + 2(24)
=48-80+48 =96-80 =16

- + +
+ —

+
p— _+ J—

-]

adj(adjA) =

i
>
]
(@)

I
]
'
—~

I
H
|
IL

I
H
[ ——
[ —
I
'
|
|




Exercise 1.1(13):

GivenA=( _), B=( _), andC=( )
Find a matrix X such that AXB =C.
Solution:
AXB=C ~ (AXB) ~ = ~C -
(-~ AX(B ~)= —C -

X= ~C -
A=( T ) |a=0+2=2 &AdjA=(_ )
T EsGda=-(C )
B=( ) IBI=3+2=5&AdjB=(_ )
- =ﬁ(Aij)=—(_ )

)(
)(

- )
)C)
L
L)
E_XeEM(MLIfA=<

T

‘ ’ =0(0-1)-1(0-1) +1(1-0)

x=-(_

=_(_
=_(—++
=—( 5 )= )

), show that A1 =- (A2-3I)

=0(-1) -1(-1) + 1(2)

=0+1+1=2
S e B
- =ﬁ(Ade)=_[_ - _l
o))
+ + + + + +
=[ + + + + + + ]

Exercise 1.2 (2) (i):

Find the rank of the matrix by row reduction method:

(=)

Solution:

~[: _
-

This is in echelon form; no of nonzero rows = 2

R2- R2-2R31;R3- R3-5R:

— lea R3—2R:

P(A) =2

1.2 (2) (ii):
Find the rank of the matrices by row reduction method:

(=)

Solution:

Exerci

~ >R2~R2-3R1;R3~ R3-R1; Ra- Ra-R1

~ R~ Rz R3- R3;Rs» Rs

- R3-> R3—R2;R4- R4—R2

~ Rz:- —Rs3

~ Rs- R4+ Rs3

This is in echelon form; no of nonzerorows =3  p(A) =3




Exercise 1.2 (2) (iii):

Find the rank of the matrices by row reduction method:

Solution:

lR1 Rs

Ro- Ro+2R1;R3- R3+3R:

R3—> R3'2R2

P(A) =3

Exercise 1.2 (3)(i):

Find the inverse of the matrix by Gauss Jordan method:
(2)
Solution: LetA=( ~ )
A= | )

: | )R1—> Ri;R2~ Rz
| _ )Rz—» R2- R:

~(
=
~( 7L
=
~(

I.C.M. of2and 5 is 10

JRi- R
| : )R1—>R1+R2

o ks

A=(C )

Exercise 1.3(1)(i):

Solve the following system of linear equations by matrix
inversion method: 2x + 5y =-2,x + 2y =-3
SOLUTION: 2x+5y=-2,x+ 2y =-3

()0=C)

A X= B X=AWB
A= )x=()p=(C )
Al=|  |=4-5=-1%0 Atexists
adja=(_ )
A=—@in=—(_ ")
X=A1B

(3 T)C)=- 7 )=a()
()=( ) x=1y=s

Exercise 1.3(1)(ii):

Solve the following system of linear equations by matrix
inversion method :2x-y =8, 3x + 2y =-2
SOLUTION: 2x-y=8, 3x+2y=-2

( 7)()=() ax=8B x=ns
A=( 7 )x=()B=(_)

|A|=| a |=4+3=7 #0, Al exists

adjiA=(_ ) Al=—G@diA=-(_ )

Exercise 1.3(4):

Four men and 4 women can finish a piece of work jointly in
3 days while 2 men and 5 women can finish the same work
jointly in 4 days. Find the time taken by one man alone and
that of one woman alone to finish the same work by using
matrix inversion method.

SOLUTION:
Let one man complete the work in x days

let one women complete the work in y days

man one day work =-, women one day work =-

Given: 4-)+4()=-, 2(-)+5(-)=-

el

IAl=|  |=20-8=12%0, Atexists

) w7

adjA= (_

(RS pE——

One man can complete the work in 18 days
one woman can complete the work in 36 days




Exercise 1.3(3):

A man is appointed in a job with a monthly salary of certain
amount and a fixed amount of annual increment. If his salary
was 19,800 per month at the end of the first month after 3
years of service and 23,400 per month at the end of the first
month after 9 years of service, find his starting salary and his
annual increment.

(Use matrix inversion method to solve the problem.)
SOLUTION:

Letsalary be xandannualincrementbe vy

Given: x + 3y = 19800 and x + 9y = 23400

C)0O=C )

AX=B = and -~ = ﬁ(ade)
|A|=| |=9—3=6 # 0, Al exists
adja=(_ )& at=—(_ )

x=-C ") )
=-C < )
=-( )
:< // ):( )

Initial salary x = annual increment= 600

Exercise 1.4(1)(i):

Solve: 5x-2y+16=0,x+3y-7=0
Solution: 5x-2y +16=0,x+3y-7=0
5x-2y=-16,x+3y=7

a=| T |=15+2=17
A= T |=48+14=-34
a=| T |=35+16=51
x=2="-=2, x=-2
y=—=—=3  y=3

Exercise 1.4(1)(ii): Solve the following systems of linear

equations by Cramer'srule;: -+2y =12, —+3y=13

Solution:

A =| |=9-4=5

A =| |=36-26=10
aA=| |=39-24=15
—=—=2,y=—=3

Exercise 1.4(2):

In a competitive examination, one mark is awarded for every
correct answer while —mark is deducted for every wrong
answer. A student answered 100 questions and got 80
marks. How many questions did he answer correctly ? (Use
Cramer’s rule to solve the problem).

Solution: Let Number of question answered correctly be x
Let Number of question answered wrong bey

Given : For correct answer 1 mark, wrong answer --mark

X+y=100; x--y=80 4x-y=320

a=|  _|=1-4=-5

A=| _ |=-100-320=-420

A =] | = 320-400=-80

X= AX = __— = 84, No. of questions answered correctly = 84
Y= AX =—=16. No. of question answered wrong = 16
Exercise 1.4(3):

A chemist has one solution which is 50% acid and another
solution which is 25% acid. How much each should be mixed
to make 10 litres of a 40% acid solution? ( Use Cramer's

Rule)
Solution: Let 50% acid be x litres and 25% acid be y litres
Given: x +y=10
— +—y=—(10) 10x+5y= 80
x +y=10; 10x+5y= 80
A=| |=5-10=15
A= | |=50-80=-30
A = |=80-100=-20
X =AX =—=6, 50% acid 6 litres to be mixed
y =AX =—=4, 25%acid 4 litres to be mixed
Exerscise 1.4(4):

A fish tank can be filled in 10 minutes using both pumps A
and B simultaneously. However, Pump B can pump water in
or out at the same rate. If Pump B is dvertently run in
reverse, then the tank will be filled in 30 minutes. How long
would it take each pump to fill the tank by it self

SOLUTION:

Let the Pump A and Pump B fill the tank in x and y mins.

Water filled by Pump A and Pump B in 1 min is—, - resp.

Given: -+—=—and -- =—
-+ — = — - — =

A = B |: - — —_

a=| _ |=-30-10=-40

A = |=10-30=-20

- =——=—, Pump Afill the tank in 15 mins

- =——=—,Pump Bfill the tank in 30 mins




Exercise 1.6(1)(iii):

Test for consistency and if possible, solve the following
systems of equations by rank method:
2X+2y+2=5Xx-y+z=13x+y+22=4
Solution:

(- )0-0)

A X =B
[AlB] = - l
~ - lR1<—> R2
~ - — ]Rz—» R2-2R1;R3- R3—3Ry
- - - le—» Rs-R:
C1I D=3, ()=2
arnh= )

System inconsistent , No solution

Exercise 1.7(2)(ii):

Solve the following system of homogenous equations:
2Xx+3y-z=0,x-y-2z=0,3x+y+3z=0
Solution:
2Xx+3y-z=0,x-y-2z=0,3x+y+3z=0

(- -)0=0)

A X= 0

[Alcl=f - - l

R1<—> R2

R2- R2—2R31;R3-» R3—3R:1

-~ :|R2—> RZ;R3—> R3

~ ]Rs—» R3-R2

@1 n=3, ()=3

([ | D= ( )=3=Number of unknowns
system consistent with unique solution
System consistent with trivial solution

x=0,y=0,z=0

Question 15.
Decrypt the received encoded message [ — ][ ]

with the encryption matrix [_ - ] and the decryption

matrix as its inverse, where the system of codes are
described by the numbers —  to the letters A-
respectively, and the number 0 to a blank space.

Solution:

Let the encoding matrix be [_ a ]

o - =-(C _)=(C _)

Now coded Decoded rowmatrix( ~ )
row matrix (B)
2 -3) ( -) (_ ~ ) = (2+6 2+3)
=C )
(20 4 ( ) (_ ~ )
= ( — — )
=( )

So the sequence of decoded matrices is [8 5] , [12 16]. Thus
the receivers read this message as HELP.




CHAPTER 2 : COMPLEX NUMBERS
2 MARKS, 3 MARKS, 5 MARKS

2 MARKS
Ex 2.1

Simplify:

(i) 1947 + jL950 1947 = 1944 + 3

1950 = 1948 + 2
j1944 — 1

— j1944 3 4 jl948 2
=iP+i2=—i-1

=—1-i 1948 = 1

2. 1948 — j~1869 1948 = multiple of 4

= 1948 — 1 1869 = 1868 + 1

| |
- (B
|
|
|
[EEN
|
|
X
1
Il
|

|
[N
|
~
|
=
Il
[EEN
+

(iv)zw = (5 = 2)(— 1+ 3i) = — 5+ 15i + 2i — 6i°
= —-5+17i+6=1+17i
(V) 22 + 2zw + W2 = (z + W)? = (4 +i)? (Ref(i))
=42+2(4)i+i’>=16+8i—1=15+8i
V) @Z+w)?>=@+i)>=16+8i—1=15+8i

EXERCISE 2.3
1 = — , =— , =
e + )+ = +( + )

LHS=(z, +2,) + 23
=[1-3i+(4)]+5=(1-3i—4i)+5
=1-7i+5=6-7i -(D

RHS = z; + (z, + z3)

=1-3i+ (~4i+5)

=1-3i—4i+5
=6—7i -(2)
(1)=(2) LHS=RHS

@G +2)+23=21+ (2, +23)

amc )y = ¢ )
LH.S: 2,2, = (1 — 3i)( — 4i) =— 4i + 1212 = —4i— 12

(z125)z3 = (—12 — 4i)5 =— 60 — 20i -(3)
RHS: 2,25 = (— 4i)5 =— 20i
2,(2,23) = (1 — 3i)( — 20i) = — 20i + 60i°
=—60—20i -(4)

) =) (z122)23 = 21(2223)

EXERCISE 2.4

1. Write in the rectangular form.
1) BG+9i)+(@2-4i)
=5+9i+2—4i=5—-9i+2+4i=7—5i

— (i51 +i52 4§53 + i54) + (i55 + %0 + 57 + {58 4+ {59 + iGO)
=0+0+i% i¥+1

=—i+1l=1-i

10-5i _ 10-5i _ 6-2i _ 60-20i—30i+10i2

Ex2.2
(1)z=5-2i w=—1+3i Find the value of
(z+w=5-2i+(—1+3i))=5—-2i—1+3i=4+i
(ij)z—iw=5—-2i—i(—1+3i)=5-2i+i—3i?
=5—-i—3(—1) =5—-i+3=8-—i
(iii)2z+3w=2(5—-2i))+3(—1+3i) =10 —4i — 3+ 9i
=7+ 5i

() 2 =2 "o = 62+22
_ 60-50i—10 _ 50-50i _ 10(5-5i)) _5_5i _ ( —)
T 3+4 40 40 4 4
cien A 1 a1 2+ —_ qi 2+i
(i) 3i+oZ == 3+ x5 St
i 2+ _ 152+ _2-14i
== 3i+ 5 5 5 ( )
(2) Find the rectangular form of the following = +
0] (—) z2=x+iy
1_ _1_ X .-y _
2Tl TEeEtEmy () =—
@ ()
z=x+Iiy z=Xx—1ly
iz=i(x—iy)=ix—ily=y+ix ()=




Ggin ( + =)

3z+4z—4i=3(x+iy)+4(x—iy) —4i
=3X+ i3y +4x — idy — 4i
=(Bx+4x)+i(3y —4y — 4)
=7x+i(—y—4)

Im@Bz+4z—4i)=—y—4

3If = -, =— + | Findtheinverses of

Solution :
212, =2 —)(—4+3i)= —8+6i+4i—3i?
=—8+10i+3=—5+10i

_ -5 . -10
(z12)7t

= +
(—5)?+10?

= %(—1 —2i)

| _ —5-10i __ —5(1+2i)
(-5)2+10%2  25+100 125

(ﬂ)_l 22 _ —4+3j « 2+i

__ —8—4i+6i+3i2
2 Tz =i 2+1

22+12

_ —8+2i-3 _

1 .
4+1 s(—11+2)

& —.

@iy + =] - |

IX+iy+i|=|x+iy—1]

[z=x+iy ]

X +i(y+1)|=Ix—1+iy|
VR +(y +1)? = J(x = 1)2 +y2
X2+ (y+ 12 = (x—1)? +y?

X+y?+2y+1=x2—2x+1+y?

2x+2y=0

x+y=0 Locusof zis + =

(|V) = - ==

(4) show that the following eqns represent a circle , and find
its centre and radius . (each 2 Mark)

EXERCISE 2.5

1oy |2 =2 _ 2 2 2
- [3+4il = |3+4i] ~ /32442 V25 5

1-2i| _ |(2=i)(1—i)+(1—=2i)(1+i)|
(a+i)(1-i) |
2—-2i—i+i2+1+i—2i—2i?|

12+12 |

_ |2=8i—1+1-i+2| _ |4-4i| _ J42+(=4)2
= | —

1+1 [~ 21 2

(2
SO vl bl

4\/§:

2

2V2

V32
2

o - —-I= | =C +)I=

Itisintheformof| — | = ;itformsorrepeqn of circle
= +iie(,) =

| + - |=

+ | + — |= | = (= + )=

Iltisintheformof| — | = ;itformsorrepeqn of circle

=— + ie.(— ,) =
@ -+ 1=
= | — + |=- | —(+ — )=-
Itisintheformof| — | = ;itformsorrepeqn ofcircle
center = -— ie(,— ) =-

EXERCISE 2.6
(3) Obtain cartesian form of the locusof = +
Or Il =
Solution :
= +
iz=i(x+iy) =ix+i%y =—y+ix
Re (iz) =—vy
[Re(iz)]* = (—y)* =y
[ ()] = =

i [ —-)+ 1=
Soln: = +
A-Dz+1=A-iKx+iy)+1
=x+iy—ix—ily+1
=X+iy—ix+y+1
=x+y+D+ily—x
[ =) + I= - = =

5. Obtain the cartesian eqn for the locus of

= + ineach of the following cases.

O - 1= = +
|+ - 1= |-+ I=
=+ =

- + o+ = =

+ - + - = + - - =
@l -1-1—-1= Given = +
|+ 1=+ - 1=
=)D+ [ =IC=)+ | =
V= + | -[V(=-+ | =
(=-)+ —-[(=-)+ ]=

- + + —( - + + )=

- + + - 4+ - - =
- + o+ = - =

Locusofzix =— + =




EXERCISE 2.7
1. Write the polar form.

M+ V= + ) = =V

r=vaZ+b2= [22+(2V3)2 =V4+12=16=4
— —1 || — -1 |2v3| _ 1 _m

a = tan |;|—tan |7| =tan (V3) =3

2+ 2+/31 liesin I quadrant 9=a:g
. _ . T

2+|2\/§—4[cos§+|sm§]

General form

+ = [ ( +—)+ ( +—)

(i) — v = ( + ==

@HF—ﬁZT7§;wmf—f—zf
o=tan"?! |;| =tan™?! |—§| =tan™! |—
=tan~! (i) =I

V3
n (3—iV3liesin
6 \ IV quadrant

3= 2V3 [cos (_%) + isin (—%)]
=23 [cos %— isin %]
= () |

4

6=—a=-

+) |

M- - =C + )
a=- b=-2

r=(—-22+(-22=Vd+4=

V8 =2V2

_ -1 b -2 _ -1 _n
a = tan |;— _—2|—tan (1)—2
9:—n+a:—n+% (—2—i2 liesin Ill quadrant)
_ —Am+Tm 3
— T4 T4
o . 3n
—|2—2\/_[ ( )+|sm (_T)]
R L §
EXERCISE 2.8
LIf # ;ST ———+— = =
+ + + o+
LHS=———x—+——— x—
+ o+
_(+ + ) + o+
- + o+ + + + x
=(+ + ) + + o+ < — + —
+ o+ + +

3 MARKS

EXERCISE 2.2

(2) Giventhe complex number = + | represent
the complex number in Argand diagram

()z,iz,z+iz

z=2+3i
iz=i(2+3i)=2i+3i?=2i+3(—1) =—3+2i
z+iz=2+3i—3+2i=—1+5i
(iDz=2+3i z,—iz,z—iz
z=2+3i
—iz=—i(2+3i)= —2i—3i2 = -2i+3=3-2i

Z—iz=z+(—i2)=2+3i+3—-2i=5+i

(3)Findxandy

( =) —«(

X—iXx—2y+yi+2i+5=2x—y+i2y + 3 + 2i

Bx—=2y+5)+i(—x+y+2)=2x—y+3)+i(2y +2)

EgnReal 3x—2y +5=2x—y+3
3X—2y—2x+y=3-5

-

Egnimg —x+y+2=2y+2

-) + + = +(— + ) + +

X—y=—2

—X+y—2y=2-2

—-Xx—y=0 -2

X—y=—2
—Xx—-y=0
oy ==
y=1

y=1 —x—1=0

—-x=1

x=—1, y=1

EXERCISE 2.3

1. = - . =— . =
DST. (1 +2)+23=2,+ (2, + 23)

LHS= (Zl + Zz) + Z3

=[1-3i+(4)]+5=(1-3i—4i)+5
=1—-7i+5=6-—7i -(D
RHS=2z;+(z,+23) =1-3i+ (-4i+5)
=1-3i—4i+5 =6-7i -2
M=?
LHS = RHS
( + ) = +( + )

10




@mc )y = )

LHS:z:2, = (1 —3i)(—4i) =—4i+ 12i’= —4i—12
(2122)23 = (12— 4i)5=—60—20i - (3)
RH.S: 2,25 = (—4i)5=—20i
21(2,23) = (1 — 3i)( — 20i) = — 20i + 60i?
=—60—20i -(4)
=® C > = C )
@ = == = +

@ + )= +
LHS: z,+2z3 =—7i+5+4i=5-3i
2:(z,+23) =3(5—-3i) =15—-9i - (1)
RHS:z,z, =3(-7i)=—21i
z:23 =3(+4i)=15+12i
212y + 2923 =— 21i+ 15+ 12j
=15-9i -(2)

( + )= +

M=?
Mmc + ) = +
LHS:z;+2z, =3+ (—7i)=3—7i
(z1 + 2)23 = (3 = 7i)(5 + 4i)
= 15 + 12i — 35i — 28i?
=15—23i+28=43-23i -(3)
RH.S: 2,25 = 3(5+ 4i) = 15+ 12i

2523 =— 7i(5 + 4i) = — 35i — 28i° = 28 — 35i

2123 + 2,23 = 15 + 12i + 28 — 35i
=43 — 23i -(4)

«c + ) = +

3)=4

(3) Find the additive & multiplicative inverse of
following numbers.
= + T oE—t —

“n = + a=2&b=5

additive inverse —z; =— 2 —5i

multiplicative inverse

2 . =5
-1 = Yt —_— = ——
Z; 252 V252

@iy =— - a=-3&b=-4
additive inverse: —z, =— (=3 —4i) =3+ 4i

Multiplicative inverse :

- 8 e ) B
1= = 4+ —
e e N
(i) = + a=1&b=1
—zg=—(1+i)=—1-i
N S G I
8 T12y2 7 12412 T

EXERCISE 2.4
4, =77 = - = 4+ & —=—+—
1 1 3+4i _ 3+4i __ 3+4i

=X — = -

U 3-4i 3+4i  32+42 25

1 1 _ 4-3i _ 4-3i _ 4-3i

—_ = X — == —

W 4+3i 4-3i 42432 25

1_ 1,1 _ 3+ 4-3i _ 7+

u v w25 25 25

17+

u 25

u= L= 2 Imi 2500

T T T 7T 72412

25

_ 25— _ 1,5, .

T 50 _2(7 )
5 = = +

= X+iy=x+iy z=a-—ib
= X+iy=x—iy z+z=2a

= 2ly=X—X z+z=2Re(2)

. z+z

= 2ly=0 Re(z)ZT
=y=0 z—z=2ib
=Z=X z—z=2i im(2)

- . -z
= zispurely real im (2)27

6. Find the least tive integer such that

(V" + ) (i) real (i) Imaginary

(i) (V3 +i)! =3 +i Complex no.

(i) (W3 +i)2 = (V3)2 + 2V3i + i2
=3+2V3i—1=2+2V3i

(i) (V3 +i)® = (V3+i)2(V3 +i)
= (2+2V3)(/3+i)
= 2v/3 + 2i + 6i + 2V/3i?
=2V3+8i—2V3
= 8i purely imaginary

(iv) (V3 +i)* = (V3+D)3(V3+i) = 8i(V3 +1i)
= 8V3i + 8i> =— 8 + 8/3i

(V) (V3+i)° = (VB+i)3(V3+i)?
= 8i(2 + 2V/3i) = 16i + 16V3i?

(vi) (V3 +10)® = (V3+i)3(V3 +i)® = 8i(8i) = 64i2

=— 64 purely real
n=6 (V3+i)"isreal
n=3 (¥3+i)"isimaginary

11




7.(@) Showthat( + v ) —( — V) purelyimaginary

Solution :

z=(2+iV3) - (2-iV3)W

z=(2+iV3)0—(2-iV3)1°
=@2+iV3)P - (2-iW3)®
=(2+ h/§)10 -(2- i\/§)10
= (2-i3)"’ - (2+iv3)"
=—[(2+1V3)" - (2-3)""]

=— is purely imaginary .

EXERCISE 2.5

(2) For any two complex numbers
and suchthat| |=| |=

# — then show that—

+

is a real number.

Solution :
|z, =1 lz,l =1
)2 =1 |zol =1
212, =1 2,2, =1
Z1 = ! Z !
1 2 2 2
i 1 21+29
Iet _ + — Zl+Z_2 _ 2723 _ 1%Zy _ 2n+Zp
+ 1+ 1 217+ 1+z12p 14712
2122 212

=(=—)

= therefore zis purely real .
3.Whichoneofthepoint — , + isclosest to + .
Solution: A,B,C rep c'x numbers
z;,=10—8i,2,=11+6i,z3=1+1i
AC=|z;— 23] =]10—8i—1—i| = |9 — 9i|

=92+ (—9)2 = VB + 81 = V162
BC =1z, —z3] = |11+ 6i— 1 —i] = |10 + 5i|

=102 + 52 = /100 + 25 = V125
V125 < /162 + iscloserto +
@If| |= ,Show | + — |<
Letz; =6 — 8i

|z1| = 62+ (—8)2 =+36+64 =+v100 =10
Wehave ||z] — |z1]] < |2+ 71| < |z + |z4]
|I3—10] <]z+6-—8i| <3+ 10.
[-7] <|z+6—8i| <13
7 <|z+6-8i|<13.

B)If| |= showthat =| - |<
Solution :

letz; =—3 |z =|—-3]|=3.
|z =1 |22 =z|?=1% = 1.

we know ||z|2 — |z,|| = |22 + (= 3)| < |z]? + |z4]
[12-3| <|2-3|<1+3
|—2] =|z22-3|<4
2 =|22-3|<4

(8) The area of triangle formed by the vertices
, , + isb0sq.units. find| |.
Solution :
LetA,B, CrepresentCx nosz,iz,z + iz respectively.

AB=|z—iz|= ]z -] =|z]|1 -]
= lzly12+ (=1)? = |z]v1+ 1 = Vz|2|

BC=liz—z—iz|=|—z| =|z]
AC=lz—(z+i)|=|z—z—iz| =] —iz|
= —illz| = |z

AC = BC isosceles right triangle.
AC? +BC? = |z|2 + |z|2 = 2|z|2 = AB?
ABC is an isosceles right triangle .
Area = ZBC AC = 50
|z||z| = 100
|z]2 = 100
|zl =10 |z| =— 10 not possible

(9)ST + = hasfivesolution.
Solution :

2+2z2=0 -(D)

22=—2z

|z® = |-2z]

|z|® = 2|

[zI®—2Jz] =0

lz|(]zI?=2) =0

|zl =0 [zP—=2=0

z=0 |z]2=2 z2z=2

subin(1) 22+2 2=0 zZ+4=0

|lzl=0 z*+4=0
z=0 z*+4 =0 gives 4 solution

It has five solution.
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Lli_vj(?* _|\/E>

10 (i) Find the square root of +

z=4+3i a=4 b=3

|zZ| = V42 +32 =16 +9 =25 =5

a+ib:t(\/@ |b|\/IZTa>
\/m:i[\/?%4 "l ]

== (5 %1) == (5+ %)

(i) Find the square root of — +

Sz

z=—6+8i a=—-6 b=38

Izl = (= 6)?+ 87 = V36 + 64 =

mzi(@ lbl\/'ZTa>
6181 =+ (\/10+2( 6)+||8|J10 2( 6))
:i(\/@iig\/@):i(\/éﬂ\/%)

=+ (V2 +iV8) = £ (V2 +i2V2)

V100 =10

(iii) Find the square root of — —

z=—5-12i a=—5 b=-—12

2| = /(- 5)2+(—12)2 =25+ 144 =

m:i<\/@+i%\/@)

=+ (V4—-iW9) =+ (2—i3) = £(2-3i)
Note

= +

| 1=V +

(+) = + +

(=)= -+

V169 =13

18
2

)

EXERCISE 2.6

(1) = + isacomplex number such that |:—| =
Show that locus of z is real axis .

Solution : = +

Given: |:—| =

|z—4i| _

|z+4il

|z — 4i| = |z + 4i]

X+ iy — 4i| = |[x + iy + 4i|

X +i(y —4)| = [x+i(y +4)|

R+ (y —4)? = X2+ (y + 4)2

X+ (y—4P =x2+(y+4)

X2 +y?—8y+16 =x2+y? +8y +16

—16y=0

= equation of X — axis
EXERCISE 2.7
Consider — =— + = ( + )
a=—1 b=1
r=vaZ+b2=/(-1)2+12=VI+1=+2

— -1 [b] — - — _m
a—tan1|;|—tan1_ 1(1)—1
ezn—a:n—%z%n(—1+i|iesin|lquadrant)

e 14i= S 4 igin 3T
i—1= 1+|—\/§[cos4+|sm4

3

\/—[cos—+|sm 4

i—1

T, . . T

—+ —
cos 3 Isin 3

3n
_+ =
cos 3 isin i

= V2[oos (2-2) +isin (& -1)]

3

on—4n . . . 9n—4
:\/ﬁ[cos T +isin = "]
12 12

= \/§[cos i—’21+ isin %]
;_:\/—[ (

+—)+

()

(2) Find the rectangular form.

<->[ O+ Al
cos (5 +55) +isin 5+ )
( *) +isin (%7) = cos (53) +isin (35)

vt T

—+

]

|
+
|
I
|

13




— - (=) (=) 5. Solve: + =

(")( -3 L= (:_)1/3(:)1/:_

1 noom . noom z= (27 -1

: [oo (_n:n ) +isin N g 7= (27)3[cosT + isinT] 3
=3 [cos (F5) +isin (5] 2 = 3[cos (2K + 1) + i sin (2Kt + )] 3
=2feos (- L) +isin (=] = 2[cos (L) +isin (- 1)] =3[cos (2k + 1)Z+isin (2k+1)3] K=0,1,2
:%[cosg—lsmg =%(O—|) =- =3cis (2k+ )3

@rC + HC + ). + )= +

showthat( + )( + ).( + )= +

_ - (—) = + (—) (5) # cube roots of unity. S.T. roots of eqn
. (-)+ = are— + - | -
Solution : Solution :
e + HC + ). + )=+ (z—-1)3+8=0
| (1 + iy (%2 + iy2) (s + iys)| = la+ ib] (z—-1)°=—8

. . . . 1-72)3=8=23
1o + iy 10 + iy2)].| (ks + iya)] = la+ ib] (1-2)

VR +y3xg +y3 X3 +y2 =+aZ+b?

1z — (1)1/3

On squaring 2

(+ )0+ )+ =+ P

-~ 1-z2=2 1-z=2w 1-z=2w?

@ [+ )+ )+ )= (+) 7=—1 72=1-20 z=1- 20

arg (x; +1iy;) +arg (x; +iy) +  +arg (x, +iyn) S

=arg(a +ib)
(Findhevalie _ ( —+ —)

tan~! (ﬁ) +tan? (ﬁ) + +tan’! (&> = tan~! (E) Solution :
X1 X2 n a 2km . . 2km
Letx = cosT+ isin 5
Given solution 2n . . 2nm
_( ) _( ) _( ) k=1 X; =C0s - +isin — =
—)+ —)+ + —
2
k=2 x,=cos —+ isin 22 (cos L+ isin —) =
- - () )

k=3 x3 =cos —+|sm —: (cos ?+ isin 2?” =w

EXERCISE 2.8 on o

¥ e k=4 x4 —cos—+|sm—:(cos?+isin )
2) show that (- +-) +(*-—-) ==+~

k=5 x5 =cos lon+isin 10n—(cos 2T[+ISI n)
Solution : \F %—r(cose+|sme) BRRAA 9 9 9 9

k=6 x —cos—+|sm —_— = (cos 4+ isin —)
— /32 - / /E 1_ 6 9
a+b 4 1 141 7

2
k= 7x7—cos—+|sm— COS—+ISI ?”
]

1
_2_

. (
(¢

) =
— tan-1 2] = tan-1 | 2| = tan-1 |L] =
o= tan |;|—tan g_tan |ﬁ|_6 k= 8x8—cos—+|sm16—": s—+|5| %)8
Gzazg §+% lies in I Quad - e
§+é:1(cosg+ising) - 4 4 4 4+ o=
(§+%)5=(cosg+isin%)5= . . ( + + + + + + + + =
similarly (- —-) = —-  —

5 5
V3 |) (x/3 |) 50 , . . bm 51 . . 5m
— +[(——==) = — 4+ — 4+ — - —_
(2 > 2 > cos 5 1SIN 5 cos 5 1SIn o
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@I = -
counter clockwise direction.

= - =( + )
a=2 b=-2

r=+a2+ b2 :./22+(—2) =V4d+4=V8=2V3

b -2

I nt |=4| = tan—t

a | > | tan™ (1)

:—E lies in IV Quadrant
z=2-2i=2V2 [cos (— E) +isin (— %)] = 2y2e '

(i) rotated by -

.Find the rotationof by radians by

ENg | r—r

RN G A
(i) rotated by —

VT T =T =T
(iii) rotated by —

VT T =y 6 =
38 = ,ST.
wec- + H)+C+ - )=

LHS=>1-w+w?)b+{1+n—n?)b
=Q+w?—w)bf+ 1+ w—w)b

= (W= 0)°+ (- 0’ - )’ = (- 20)° + (-2w?)°
= (—2)%w® + (— 2)%(w?)% = 64w°® + 64w*?
=64+64=

@C+ O+ K0+ D+ o+ )=
LH.S
(1+w)(1+w2)(1+w4)(1+w8)...(1+co2“)
=1+ )1+ 0L+ M)A+ w®)(1 + w'®)
1+ 03?)(1+ ) (1 + w128)m(1 + wzll)
=(1+w)((+0)l+w)(d+w)l+w)d+w)d+w
1+w?) (A+w)d+w)+wd+wd)
=L+ )@+ 0]’ =[1+w’ +w+w’]°
=(0+1)5=15=

(3) Find the value of |-—— |
Solution :
let = —+ —

Izl =1

10 10 10
1+smﬁ+| Cos—= 10 — 1+z — 1+z — (Z)lo
1+sin——i cos—= 1+% #

10 10

771 =z =sin X —icos =
10 10

10
. e - m
= — 4+ —
[smlo Icos
10
— 10 T _iin T
i [cos o Isin 5
=i8 2 n isin =
=1° 1“|cos —x 10 —isin —x 10
10 10

=1 - 1= (=)=

5 MARKS
EXAMPLE 2.8(ii)
PROVE:( = ) —(%) is purely imaginary

Solution :

19+9i _ 19+9i _ 5+3i _ 95+57i+45i+27i2 __ 95+102i—27

5—3i 5-3i  543i 52432 T 2549

68+102i 2+3i .
= =34 -7 4 3i
34 34
8+i _ 8+  1-2i _ 8- 16i+i—2i2
w2 1e2 12 1242
8-15i+2 _ 10-15i _ 5(2-3i
= = C — 2 -3
1+4 5 5
15 15
19+9i 8+i \15 \15
= |— —_ | — = + - f—
Let 2= (35) ~(57) =@+3)®-@-3)

z=(2+3i)P% - (2-3i)1
= (2+3i)® - (2-3i)
=(2+3)® - (2-3)"
=(2-3)® - (2+3)
—[@+3)¥® - (2-3)] =—

=— is purely imaginary

EXERCISE 2.4 7 (ii)
PROVE (——) +(——) isreal.
Solution :
19-7i _ 19-7i _ 9—i _ 171-19i—63i+7i?
= Xe—m=—
O+i 9+  9—i 92+12
_ 171-82i—7 _ 164—82i
T s+l 82
_ 820D _ 5 _
82
20-5i __ 20-5i _ 7+6i
-— = X —
7-6i  7-6i  7+6i
__ 140+120i—35i—30i%
- 72+62
__140+85i+30
T 49+36
_ 1704851 _ 85@+) _ 5
~ 8 8
_ (19-7\12  r20-5i\12
Letz = ( 9+ ) + (7—6i)
z=Q-DR+Q+i)¥?
z=Q-D)P+@2+0)?
- (2 — i)12 + (2 + i)12
=@2-D2+Q+)
=Q+i)2+@2-i)2=z

= , isreal.




EXAMPLE 2.14 Exercise 25(9): ST + = hasfivesolution.

show that the points , — + £and_—+ £formsa Solution :
equilateral triangle. B4+27=0 -(1
Solution : @
_ _ 3 —_
Let , , represent = ; =—+ Y. ==L r=-2z
> =1-2llz] |zI* =2||

AB = |21 — 2,| —|1—( +'—)| —|1+£"—| lzZP=2lz]=0 |z|(Jz]*-2)=0

_3 3 9.3 zl=0 & |zI°—-2=0
H=J® =JitiT \f V3 .
z

5 z=0 z?=2 zz=2 z=
3

BC = |22_Z3| == —— ===

| 2 (2 2)| Subin(l) Z3+2 %:O Z4+4:O

= |+ igei+ig = 15 = 1ival IZl=0 z4+4=0

/ = + = ives 4 solution
= /02 + \/§2 = \/§ . . ;

It has five solution.

AC= Iz~ 25l = |1 (__i£)| |1+ +'_| Exercise 2.6 (2)
f| = / — \/%7% \/7 V3 = + ,showthatlocusofz, (T+) = s
+ + - =

= = . Therefore It forms equilateral triangle .
EXAMPLE 2.15

Solution: = +

2z+1 2(x+iy)+1 2x+i2y+1

=1 1=1=, + + # ;S-T|—— iz+1  i(x+iy)+1  ix+idy+1
_ (2x+1)+i2y x (A-y)—ix

2 - _ . N\
Solution: |z;|=r |z12=r? zz,=r> z,=-, A-y)+ix  (1-y)—ix
a — (@x+1)(A-y)—ix(2x+1)+i2y(1-y)
- 2 2 1-y)2+x2
similarly z, ==, z3=— =
22 23 _ [(2x+1)(1—y)+2xy] +i [2y(1—y)—x(2x+1)]
o2 Sf1 .1 1 L a2 (1-y)2+x2
2.+ 2, +124 :—+—+— =r (—+—+—)
3 z3 Z1 2 z3 RP |P
— rz (2223+zlz3+2122) — r2 (zpz3+2123+2123) 241\ _ 2y(1-y)—x(2x+1) _
212173 212223 m (#7)=0 TP =0
|r (zoz1+2123+2120)| _ | o |z223+2123+2127] > 2
2, +2,+7 e G 2y — 2y —=2x=—=x=0
21+ 2+ 2l = L NPT y=<y
|z223+2123+21 79| + + — =
+ 7, + 75| = P2 22BESTAZ
|z, +2, + 25| =1 T = —
xample 2.27:
e — lzaza+2p23+732| r= |z122+2223+2371
2 |z1+2p+23] |z1+2zp+23] = + arg (%) =_ Locus is + =
7NIf |, and are 3 complex nos, such that .
Q) P Solution: = +
I |: || |: || |: || + + |: ;:+—:(_)+ (+)_
Show that | + + | = . * (v ()
PR _ _ — _(=)(+ )= (=) (+)-
Solution: |z;|=1 |z,|=2 |z3/ =3 = T+ -
2 — 2 — 2 _
1" =1 21" =4  z5|° =9 (S L (£ (=)
212,=1  2,2,=4 2323 =9 (e~ (+)+
, =1 , 4 .= RP I.P
1= 2 == 3=
Z1 2 z3 (+)-(=)
(;) = — - (+) + = -
| + + |= |—+—+—| + ()
(+)+
+ +
| = (P> (D) __g
| . . | (=) +)+
=1
l I = i ( o+ )+ =
| + + | = | -+ =
| + + (=1 11 Il |
| + + | = =
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Exercise 2.7.(6)

If = + (T_)=—8T++—+:
Solution: = +
Z=i _ xHiy=i_xHi(y=1)  _ xHi(y=1)  (x+2)—iy
742 X+iy+2 - (x+2)+iy - (x+2)+iy  (x+2)—iy
_ X(x+2)—ixy+i(y—1) (x+2)—i2y(y—1)
B (x+2)%+y?
— X(x+2)+y(y—=1) |, . (y=1)(x+2)—xy
(x+2)2+y? (x+2)2+y2
_ D02y
z—i\ _m -1 (x+2)+y I
arg (E) =2 tan [x(x+2)+y(y—l)] — 32
(x+2)2+y?
Y-DO+2)—xy _ T _
X(x+2)+y(y—1) =tan 4 1
Xy+2y —X—2—Xy=x2+2x+y?—y
X2+y?+2x—y—2y+x+2=0
Locusis + + — + =
Exercise 2.7 (4): If — = + then =
Solution: —— = +
L=+ = ()= -
+ = - (+ )= -
=— — divide nr & dr be
- _ -+ =€ = )
- - + + -
_ + -+ _ —
(6) + + = + +
ST. + + = ( + +
+ + = (+ +)
Solution :

cosa+cosP+cosy=0
isina+isinB+isiny =0i

cosa+cosP+cosy+isina+isinB+isiny =0+i0--(A)
leta=cosa+isina=¢€e%: b=cosB+isinp=e®
c=cosy+isiny =eV
From (A)weget a+b+c=0
a®+ b3 + ¢ = 3abc
(eia)3 + (eiB)3 + (eiy)S = 3ei0 @B @iV
ei3a 4 @i3B 4 giBy = 3gi(a+p+Y)
cos 3a + isin3a + cos 3P + isin 3 + cos 3y + i sin3y
=3(cos(a+PB+y) +isin(a+p+y))
(cos 3a + cos 3B + cos 3y) + i(sin 3a + sin 33 + sin 3y)
= 3[cos (a + B +y)] +sin(a+ B +y)]

Equating real part
+ + =
+ + =

(+ +)
(+ +)

Example 2.34:solve: + =
2+8 =0
22 =-8i
=8(—1)

3 — E—" E]
z 8[0052 |sm2

= 8[cos (- 2) +isin (=2

=8 [cos (an - %) +isin (Zk" - %))
") +isin (4”;_”)]1
z= 8%[005 (WT_H) +isin (MT_H)F

7= (233 [cos (4k— 1) +isin (4k — 1) g]

akn—
z3=8[cos( T;

k=1,2,3
v
= = () = ()
:\/_—
- s e
SRR
:—\/_—
Example 2.35
Find the cube roots of vV +
Solution :

Letz= V3 +i :(\/§+i)%
V3+i=r(cosb +isin0)

a=+vV3 b=1 a2=3 b2=1

r=va2+b2=+v3+1=vV4=2

o=tan"?! |b| = tan‘1| 1 | = tan‘l( 1)
a V3 V3

-

6

6=a=7 V3+iliesinlQuadrant

V3+i= 2[cos%+isin %]
=2 [cos (2kn +%) +isin (2kn +%)]

=2 [COS (12kn+n) +isin (12kg+n)]

6

(3 )1 = 205 (Z2227) . sin (Z222)

6

z=23 [cos (12k + 1)1—T;+ isin (12k + 1)1—TI3

= = /( —+ H—): /
= = /[ - 4 _]: /
= = /[ - 4 _]: /
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@RIFC + X+ ) + )= +
showthat( + )( + ).( + )= +
R

MC + X+ ) + )= +

[(xq +iy) (X2 +iy2) (X3 +iy3)| = [a+ib]
[(xg +iyD (X2 +iy2)l...|(x3 +iy3)| = |a+ib]
VX +YIVIE +y3 VXE+yh =VaZ+ b2

Onsquaring: ( + )( + ).( + )= +
(i) [ + )C + ) + )= (+)
arg (x, +iy;) +arg (x; +1iy,) +  +arg (X, +iyn)
=arg(a+ib)

tan? (ﬂ) +tan~! (y—z) + +tan™? (y—”) =

X1 X2 Xn

Given solution tan™ (g)
O 0 6
e

Example : 2.36.

are vertices of an equilateral traingle inscribed in
thecircle| | = = ++ .
Solution :

represents circle with center ( , ) and radius =

| 1=
lies on circle and forms a vertices of equilateral

triangle.

obtained by rotating + V by in anti

clockwise direction respectively.
+

_ . 2n . . 2T
= (1 +iV3) (cos?+ isin ?)

=@ +iV3)(-3+i)
1+i\/§

-2

—£+i2§
2 2

is obtained by multiplying with —

2n . .. 2m
— 4+ -
2 [COS 3 1 SITI 3]

+-= + =
- + + =
(- )= (- )=
- :i/ = +
= +
Similarly = +
4.1f = +-& = +-
Show :
O-+-= (=)
=——= (-)+ ()
-=(0) =L =)+ (T
= (-)- (=)
-+-= (= )+ (=-)+ (=)= =)
= (=)
(i) --—= ( +)
=( + X + )
= (+)+ (+)
—=( ) =0 (+)+ (+)
= (+)= (+)
—— = (+)+  (+)
- (+)H)+ (+)
== (+)
(iii) ———= «C - )
o+ ) +
_( + - +
= - )+ C - )
—=(=) =1 - )+ -
= C =)= =)
—-—= ( - )+ ( - -
C = O+ C =)
= =)
+—= ( + )
=( + ) ( + )
=( + ) ( +
= ( + )+ ( + )
—=C )
=L C + )+ ( + I
=  + )- C + )
+—= ( + )+ ( + )
+ ( + )- + )
=+ )

18




CHAPTER 3 - THEORY OF EQUATION
2 MARKS & 3 MARKS
2 - MARKS
EXERCISE .
2) (i) construct a cubic polynomial with roots , ,
Solution: a=1 =2 y=3
,=a+B+y=1+2+3=6
L =aB+ay+ By =1(2) +1(3) +2(3)
=2+3+6=11
23 = afy =1(2)(3) = 6.
Eqn:x3 — ;X% + 3,x—33=0
x3—6x2+11x—6 = 0.

2(ii) roots , ,—

solutionia=1 =1 y=—

S, =a+P+y=1+1+(—-2)=2-2=0

L =ap+ay+PBy=11)+1(-2)+1(—-2)
=1—-2—2 =-—3

L3=apy =1(1)(—-2)=-2

Equation: x® — I x° + 3,x— 33 =0

XX—0x?+(—=3)x—(—-2)=01lex*—3x+2=0

2(iii)roots , / and1l.
solution: a =23 = % y=1

21:0(+B+y:2+1+1=w=Z
2 2 2
%, :aB+ay+By=2(%)+2(1)+%(1)
agalo2¥4rl 7
2 2 2
23:aBy:2(%)(1):1.
Equation: x® — Z;x% + I,x — 23 =0
X3—(%)x2+%(x)—1:0 23— T +7x—2=0

8.If , , and arethe roots of polynomial equation

+ - + = . find a quadratic equation with

integer co efficients whose rootsare + + + and
Solution: 2x* +5x3 —7x2 +0x+8 =0

a=2 b=5¢=—7d=0 e=8
1=a+B+y+d=—Dbl/a=—3/2
S,=apyd=S=2=4
rootsare o + 3 + vy + 6 and affyd

ie—5/2and4.
SOR=—2+4= 2182
T2 T2 T2

P.O.R=—(4) =— 10
Egn:x?— (S.0.R)x+P.0.R=0
x2—§x+(—10):o 2x2—3x—20=0.

(11) A 12 metre tall tree was broken into two parts . It was
found that the height of the part which was left standing was
the cube root of length of the part that was cut away.
Formulate this into a mathematical Problem to find the height

of part which was left standing.
Solution :

letAC=12 AB=x,BC=12—x
Given: x = Y12 —x

x3=12—-x x3+x—-12=0

EXERCISE 3.2

2) Find a polynomial equation of minimum deqree with
rational co.efficients having ++ asaroot
Solution : Given 2 ++/3iisaroot other rootis 2 —/3i
SOR=2+3i+2—-3i=4

POR=(2+V3)(2—-V3i)=22+v3 =4+3=7

x> —(S.0.R)x+P.O.R =0

X2 —4x+7 =0.

2) Find a polynomial equation with minimum degree with
rational co.efficients having + asaroot

Solution : Given one rootis 2i +3 = 3 + 2i

Eqgnis

Other root is 3 — 2i
Sumoftheroots=3+2i+3—-2i=6
Product of roots = (3 + 2i)(3 — 2i)
=32+22=9+4=13
x2—(S.0.R)Xx+P.O.R=0

Equation is
q x2—6x+13=0

EXERCISE 3.3 (7) Solve the equation: x*—14x2+45=0
(x?)2—14x> +45=0 lett=x?

t?—14t+45=0 (t—9)(t—5)=0

t—9=0 t—-5=0

t=9 t=5

2=9 x?=5

V3 x=++5

3

x

I+

X
X =

I+

Rootsare3,—3,v5,—5

EXERCISE35: 2(i) - + =

Solution :

a, =1 a;=1.Note :gis a rational root of p(x) (p,q)=1

Then pisdivisor 1, g is divisor 1
possible values of p  £1, Possible valuesof q *+1

. . 1
2 possible value is + -

p(x) =x8—3(x)+1
p(1)=1-31)+1=—1#0
p(—1)=(-1)°8—-3(-1)+1=1+3+1#0

no rational roots
EXERCISE 3.6
1. Discuss the maximum possible number of positive and
negative roots of

- + - + + o+ + + =

Solution :

P(X) = 9% —4xB +4x" —3xC + 2x5 + X3+ TX2 + Tx + 2
F1Z e Ly 4+ o+ o+ o+

3
No of sign changes = max no of positive real roots =

P(—x) = 9(—x)° = 4(—x)8 +4(—x)" = 3(=x)° +2(—x)° +
(=X +7(=x)2+7(—x)+2
=—0x% —Ax® — A" —3xE -2 =3+ 72— Tx + 2

A I s 7
+

No of sign changes = 3

Max no of negative real roots = 3

Degree =9

min. no of complexroots =9—-(4+3)=9—-7=2
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2) show that the equation has

atleast 6 imaginary solution.

Solution :

Letp(x) = x° —
+

No of sign ¢hangéin p(x) = 2
Max no of positive real roots = 2
P(—X) = (—X)° =5(—x)°+4(—x)* +2(—x)2+1
=— X+ 55 +4x4+2x2 + 1

5X5 +4x* +2x2 + 1
+ + o+

- + + + + Noofsignchanges=1
Max no of negative real roots = 1.
degree =9

Max no of complex roots=9—-(2+1)=9—-3=6

2) Determine the number of +ive and negative roots of the
equation
Solution :
Let p(x) = x°
+
Number of $ign change in p(x) is 1
p(x) has max 1 the real roots .
P(—x) = (—x)°=5(—x)® —14(—x)’
— 5x8 + 14x’
+ Number of sign change in p(—x) is 1
p(x) has nax 1 negative real roots .
Degree =9
min number of imaginary roots =9 —-(1+1)=9—-2=7

—5x8 — 14x7

=—x°

3) Find the no of real zeros and imaginary of the polynomial
+ + + +

Solution :

p(x) = x® + 9x’ + 7x°> + 5x° + 3x (no sign change)

p(—x) = —x® — 9x” — 7x°> — 5x3 — 3x (no sign change)
There is no +ive & no -ive real roots

Butx = O isaroot

no of unreal or imaginary roots = 9-1=8

3 - MARKS
EXERCISE 3.1
3).If , , arethe roots of cubic equation

+ + + = . Form the cubic equation whose roots
are
® . . @i--- (@G- ,— .-
Solution: x®+2x>2+3x+4=0
a=1 b=2 ¢=3 d=4

b 2

q+B+y:—;:—I:—2
aB+ay+By—c/a—§—3

apy =—d/a=—4/1=—
(i) rootsare ,
2, =20+ 23 +2y = 2(0(+B+y)—2( 2)=—4
I, = (20)(2B) + (20)(2y) + (2B)(2y)
= 4ap + 4ay + 4By
=4(aB +ay +By) =4(3) =12
Z3 = (20)(2P)(2y) = 8BaPy = 8(—4) =— 32
Equation : x3 — I x2 + I,x — I3 =0
xB—(—4)x*+12x—(—32)=0
X3+ 4x2+12x+32=0

(ii) roots are—,—,—
1 1 1 [3y+ay+a[3 3 -3
S =—+—-+—=—— ==
a By apy -4 4
11 11 1 y+a+pB 2
2o =— —+— —+—= ==
af By ay aBy 4
111 1 1 -1
23—___:_:—:—
a By apy —4 4
Equation : x3 — Z;x2 + S,x — 23 =0
x3—(_—3)x2+gx—(—l)=0 A3 +3x2+2x+1=0
4 4 4 '
(iii) rootsare— ,— ,—

L=(-+(=P)+(-y)=—(a+pB+y)

L=(—0(=P+(—(=yY)+(=B)(-V)
=aB+ay+fy=3

L=(—0CRy) =—aBy =—(-4) =4

Equation: X3 — Z;x2 + I,x— I3 =0

XE=(+2)x*+3x—4=0
—2x>+3x—4=0.

(-2)=2

5)Find the sum of the squares of the roots of the equation

—_— + — =
Solution: 2x*—8x3+6x2+0x—3=0
letthe rootsbea,B,y,d
a=2 b=—8 ¢c=6 d=0 e=—-3
—b_—(=8)
Y, =a+B+y+d=—= =4

a 2
L =ap+oay+oad+Py+pd+yd

2 +P2+y2+32 =(a+P+y+d)2—
2(af + ay +ad + Py + O +y9d)

o + B2 +y2 + 82 = (4)> — 2(3)
=16—-6=10.
(N If , , aretheroots of the equation
+ + + = ,find —
axd+bx2+cx+d=0
let the Rootsbe a,3,y
;=a+pB+y=—b/a
S, =0af+By+ay=c/a
23 = apy =—d/a
g S _ 9 BV :a2+[32+y2
Tofind: By By oy op Py
m2 ¢ b2 2c
_ (arpry?-2aprpyray) _ (73) 25 _ 7
apy d d
a a
__ b2-2ac < d_ b2—2ac
T2 d~  ad

8. If p and g are the roots of the equation

+ + = showthat f \[ f
Solution: IX*+nx+n=0
a=Il,b=n,c=n rootsarep,q

_—b _ —n

Pra=2=7

Alsopq——:E

Iﬂ
|<|

=l
ﬁ+ﬁ:

N
fff

—n/I

\[g
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10. Ifthe equation  +

common root Show that it is ;

or—.

Solution :

X>+px+q=0 x2+px+q =0
Let o be the common root
a>+pa+g=0 & o?+pa+qg=0

+ = & + @+ '=

havea 2.Solve the equation -

o> a1

Pg—pP9 9q-q p-p

@ _pa—pq . _9-4

a qg-q p—p

oa=H7FP1 o 2

q—q p—p.

EXERCISE 3.2:
1} If isreal, discuss the nature of the roots of the polynomial
equation + + = intermof .
Solution :

2x2+kx+k=0 a=2 b=k c=k
A =Db?—4ac=K?> —4(2)k = k?» — 8k
= k(k — 8) t -

(i) for real and equal roots ) |

A=0 k(k—8)=0k=0 k=8
(ii) For real & distinct roots

A>0 k(k—8)>0

k (—,0) (8x)

(iii) For imaginary roots

A<O k(k—8)<0

k (08)

v

5) Prove that a straight line and parabola cannot intersect at

more than 2 points
Solution:
Parabola eqn : y? = 4ax - (1)
lineegn: y=mx+c-(2)
sub (2) in (1) (mx + c)? = 4ax
m?x2 + 2mcex + ¢? = 4ax
m2x% + (2mc —4a)x +c2 =0
This is a quadratic egn in x , x can have max 2 values .

EXERCISE : 3.3

1. Solve the cubic equation - - + =
the two of roots vanishes.

Solution :

23 —x>—18x+9=0

a=2 b=—1 c¢c=—18 d=9
Lettherootsbhea,B,y

given a+3=0

aIsoa+B+y:7b:%:%
a+B=0 y=1/2
112 -1 -18 9
2
0 1 0 -9
2 0 -18 | 0
Quad.eqn 2x? —18 =0
xX*—9=0
x> =9
X=%*3

1
rootsare 3, — 3,5.

, if sum of

+ — = ifthe
roots form an arithment progression
Solution : 9x® — 36x? +44x— 16 =0

a=9 b=—36c=44 d=—-16

Letthe rootsbea,3,ybein. AP
a=a—d,B=a,r=a +d

-b —(—36
S.O.R:al_d+al+al+d:?:¥
3a1:4 a1:4/3
419 -36 44 -16
3
0 12 -32 16
9 24 12 0
Quadratic equation is
9x2—24x+12=0 12
+3 3x2—8x+4=0 /\
2 — —
x-2)(x-3)=0 x=2,2/3
2 4 _ _
Roots are 2, 33 ?6 ?2

2. Solve the equation -
roots form a geometric progression .
Solution : 3x3 —26x2+52x—24=0

a=3 b=—26 c=52 d=—24

let the rootsbe a, B,y .rootare in G.P. o = a—rl B=a; y=ayr

Product of roots = aTl a ar= ?
—(—24) 24
a§=T=? a=8 =2
2 3 -26 52 -24
0 6 40 24 a6
3 -20 12 0
Quadratic eqn 3x?> —20x+ 12 =0
(x—z)(x—G) =0
3
2 2 -2/3 - 18/3
X = 5,6 rootsareg,z ,6
6.Solve the equation
Solution :
(i) 2x® — 9x% + 10x = 3, +(=)+ +(=)= - =

2x3—9x?+10x—3=0 ( x=1 isa root)

1 2 -9 10 -3

0 2 -7 3 6

2 -7 3 |0_ A
Quadraticeqn 2x> —7x+3 =0 /
(X_3)(X_%):O X:3‘X:% L6/ -1y2
Rootsare1,3,%
(i) 8x*—2x2—7x+3=0 +(=)+(=)+ = - = #

But8+ (=7)=1 —2+3=1 (x=-1lisaroot)
-1 8 -2 -7 3
0 -8 10 -3 24

8 -10 3 0
Quadratic equation .

3 1
8x2—10x+3=0 (x——)(x——):o -6/8

-4/8

4 2

3 1
Roots are —1, 75

x=23
4 2

X=3

21




Exercise 3.5

1 (i) Solve: - + =
Solution :
sin?x —5sinx+4 =0
Lett =sinx
—5t+4=0

t-4Ht-1=0

t—4=0 t—1=0

t=4 t=1

sinx=4 sinx=1

Not possible sinx = sing
x=nmn+(— 1)”%

n Xx.

(1) (ii): Solve: + = _

Solution :

12x3 +8x=29x2 —4 12x3 —

1 and —1 are not roots of above equation

2 12 -29 8 4
0 24  -10 -4

12 -5 -2 0

Quad.eqn 12x> —5x—2 =10

_ 1
3 4
roots are 2,

29x2+8x+4=0

2 (i).Examine for the rational roots of

Solution :

a,=2 ay=—1 Rational roottheorem,

Eis a root of polynomial (p,q) =1

p must divide ay, @ must divide a,
ap =— 1 divisorofag is —1,1.

a, =2 divisorofa,isl,—1,2,—2

. 1 1
possible values + &3

2 -1 0 -1
0 2 1 1
2 1 1

B
q
1

—b Vb2 - 4ac

22 +x+1=0 X =

-1+ /T-4(DQ) _

B 2
_-1xV=7 1T
B 2 2
x = 1is the only rational root

2

2a
—11\/1—8%

| =

@3): Solve: 7/ - ~/ =

Solution :

8X3/2n -8 X—3/2n =63

Lett=x%2" 8t—8 t1=63
8t2 — 8 = 63t
8t2—63t—8=0

8t——

(t-8)(t+3) =0

1_
t—8=0 t+§—0
_ 1
t=8 t=—3 3
x3/2n = 23 x3/2n = ( 71)

x=(2%)73 X = [(_7)3)?
i 0
(4): Solve: f—+ \[— +—,
Solution : \[+3\[:—+—
2t+3 $=2+3

wea=(ef) ¢ i
2t2—(§+%)t+3:0

2t2—2t—%t+3:0 t(2t—

b a
3a b
= — 2 = -
t b t a
X_3a X=b
b a 2a
x_ % x_ b
a b2 a 432
9 x—b—2 soln : b
Y " 4a b2’
5(ii) Solve: + - - =

Solution: x*+3x3—3x—1=0
1 1 3 0 -3 -1

0

-:1]1 4 4 1 |0
0
1

-1 -3 -1
3 110
Quadraliceqn: x2+3x+1=0 [ x = —xb-du ‘::_4“ ]

| T8 /32—4(1)(1) _ —3+Vo4 _

—3+/5
X= 2 2 2
rootsarel, —1, _3;“/5 , %_\/g
(6): Find all the real numbers satisfying
- ( )+ =
Solution: 4X—3(2**2)+2°=0
(2)*—=3 2¥ 22+32=0
(292 -3(4) 2+32=0
Let2X =t —12t+32=0
t—-8)(t—4)=0
t—8=0 t—4=0
t=8 t=4
X = 23 X = 92
x=3 XxX=2
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CHAPTERSS - 2 DIMENSIONAL ANALYTICAL GEOMETRY
(ONLY 5 MARKS)

Exercsie 5.1 (6).

Find the equation of the circle through the points

(. )(= ., )and(, ).

Solution:

Let the required circle be

X2 +y? + 2gx + 2fy + ¢ = 0 ---(A)

The circle passes through (1,0), ( — 1,0) and (0,1)

(10) 1+0+2g(Q)+2f(0)+c=0

2g+c=—1...... 1)

(—-10) 1+0+2¢9(—1D+2f(0)+c=0

—2g+c=—1.... .(2)

01) 0+1+29(0)+2f(1)+c=0

Now solving (1), (2) and (3) .
2g+c=—1----(1)
—29+c=—1---- 2

D+2) 2c=—2 c=—
Substitutingc =— 1in (1) we get
2g—1=—-1

2g=—1+1=0 g¢g=0

Substitutingc =— 1 in (3) we get
2f—1=—1 2f=—1+1=0 f=0
Sowegetg=0,f=0andc=—-1

So the required circle will be

X2 +y2+2(0)x+20)y—1=0

(ie)x>+y?—1=0 x2+y?=1

Example 5.10
Find the equation of the circle passing through the points

(. )C,— and(, ).
Solution
Let the general equation of the circle be

X% +y? +2gx + 2fy + ¢ = 0. ----(1)

It passes through points (1,1), (2, — 1) and (3,2).

Therefore, 2g + 2f +¢c =—2 ----(2)

49 —2f+c=—5 ----- 3)

6g+4f+c=—13----(4)

(2)-(3) gives —2g + 4f = 3---(5)

(4)-(3) gives 2g + 6f =— 8 ---(6)

(5) + (6) givesf :—%

Substituting f =—2 in (6).9=—3

Substituting f :—% and g:_g in (2).c=4

Therefore, the required equation of the circle is

5 1 _

x2+y2 +2(_E)X+2(_§)y+4 =0

X¥+y?—5x—y+4=0

Example 5.17:
Find the vertex, focus , directrix, and length of Latus rectum

of - - - =
Solution :
x2—4x—5y—1=0
x2—4x=5y+1
X2—4x+4=5y+4+1
(x—2)>=5y+5
(x—2)?=5(y+1)
X=x—2 Y=y+1
X2 = 5y

Parabola open upward .
vertex = (2, — 1)=(hk) {x-2=0;y+1=0}

Focus: (0a) [(hk+a)] = (2' -1+ %) - (2'%)

5

4da=5 a=-
4

Eqgn of directrix: Y=-a [y=k-a]

y=—1--=—-

4 4
y=—3
Length of Latus rectum =4a=>5

Exercsie 5.2 - 4(iv)

Find the vertex, focus , directrix, and length of Latus rectum
of — + + =

Solution :

X2 —2x+8y+17=0

x2—2x=—8y—17

X2 —2x+1=—8y—17+1

(x—1)2=—8y—16

(x—1)*=—8(y+2)

X=x—1 Y=y+2 4a=8 a=2
X2 =—8Y Parabola open downward
Vertex(0,0) = (1,-2)=(hk) {x—1=0,y+2=0}
Focus (0, -a)

(h+0k—a)~ L4

Equation of Latusrectum (Y =-a) :

y+2=—2 y=—4

Equation of directrix Y = a:
Length of latus rectum 4a = 8

y+2=2 y=0

Ex5.2 4(v)

Find the vertex, focus, directrix and length of Latus rectum

of - - + =

Solution :

y?—4y—8x+12=0

y? — 4y =—8x — 12

y?—4y+4=—8x—12+4

(y—2)>=—8x—38

(y—2)> =—8(x+1)

Y2 =— 8X

X=x—1 Y=y-2

Parabola open left ward

Vertex(0,0) = (-1,2)=(h,k) {x+1=0,x=—-1;
y—-2=0y=2}

4a=8 a=2

Focus(-a,0) _ , o _
(h—a,k+0)_( 32) {h—a=-1-2,k+0=2+0}
Eqgn of directrix: X=a

X+1=2 x=2-1=1 x=1

Length of latus rectum 4a =8
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EXAMPLE 5.20

Find the vertex, focus, length of major and minor axis of
+ + — + =

Solution :

4x2 + 36y? + 40X — 288y + 532 =0

42 + 40X + 36y? — 288y =— 532

4(x2 + 10x) + 36(y? — 8y) =— 532

4(x? + 10x + 25) + 36(y? — 8y + 16) =— 532 + 100 + 576

4(x +5)? + 36(y — 4)? = 144
4(x +5)2 L 360/~ 4)? L

+1424 1244 144

65 L =7 4 Major axis X-axis:

36 4

X=x+5 Y=y—4

2ir o (a2= =6 b?= B
36+4_ ) {a = 36 a=6 b*=4 b_2}

?=a?—-b?=36—-4=32,c=+32

center (—5,4)

Foci: (h=+c k)= (—5+42, 4)
ie.(—5+4V2,4); (-5—-4V2,4) =
vertices(hxa,k): (—5+64) ie(14);(—114)
length of major axis = 2a = 2(6) = 12

length of minor axis = 2b =2(2) = 4.

EXAMPLE 5.21

For the ellipse + + -+ =
Find center, vertices, foci. Also prove =
Solution :

42 +y?2 +24x — 2y +21 =0; 4x%> + 24x +y> — 2y =— 21
4(x>+6x) + 1(y?—2y) =—21
42 +6x+9)+1(y>—2y+1)=—21+36+1=16

2 —1)2
Ax+32+(y—1)?=16 +16 L0 -y

2 — 112
G L O — g X=x+3 Y=y-1

4 16
X2 Y2 . . -
VT 1 Major axis Y-axis

a?=16 a=4 b?2=4 b=2

2=a?—-b2=16—-4=12 c=v12=2V3

Center (—3,1)

vertices (hxa,k): (—31+4) =(-33);(—3,—3)

Foci (h=c,k): (=31+2V3) =(-31+2V3); (—31-2V3)
Length of major axis 2a = 8

Length of minor axis 2b = 2(2) =4

2
Length of latus rectum= 2—=2 % =2

Ex5.2 - 8(V)

Identify type of conic and find center , foci, vertices and
directrices of + - + + =
Solution :
18x? + 12y? — 144x + 48y + 120 = 0
18x? + 12y? — 144x + 48y =— 120
18(x? — 8x) + 12(y? + 4y) =— 120
18(x?> — 8x + 16) + 12(y? + 4y + 4)
= —120+ 288 + 48 =216
18(x—4)2 . 12(y+2)2 _

+216 TRt =1

—1\2 2

O LU — ) X=x—4 Y=y+2
12 18

X2

Y2 . . .
ITRETS 1 Major axis parallel to y-axis ;

(a>=18,a=+/18=3v2 &b? =12 b=+12=2V3)
c=Vaz—b2=4/18—-12 =6

2

a_ a _18:3.\/6.\/6:3\/6

e ¢ V6 V6
Center (4,— 2)
Vertices (h,k*a)=(4,—2+3vV2) = (4,—2+3v2); (4, —2-32)
Foci(h, k*c) = (4, —2x+6) = (4,—2+6); (4, —2-6)
Eqn of directrices: Y = i% y+2 = +3V/6

ie y=—2+3V6,y=—2-3V6

Find, eccentricity, center, vertices, foci of
=+ — + — =
Solution :
36x2 + 4y? — 72x+ 32y —44 =0
36x2 — 72x + 4y? + 32y = 44
36(x? — 2x) + 4(y? +8y) = 44
36(x* —2x + 1) + 4(y* + 8y + 16) = 44 + 36 + 64 = 144
) 36(x — 1) (y+4)>
m225 , 144 : 144
Xx—1 +4
( k) =1 X=x—-1 Y=y+4

1

4 36
XZ Y2 R . -
Vi 1 Major axis parallel to Y-axis
a>=36 a=6
{ b2 =4 b= 2}

c?=a’-b>=36—-4=32
¢ =%+/32 = Vaxdx2 =+ 42
center = (1,—4)
vertices (h k= a)=(1,—4x6) =(1,—4+6),(1,—4—-6)
=(1.2),(1,-10)
Foci (h, k+c) = (1, — 4 +=+/32)
=L —4+4V2);(1,-4—-4V2)

a 6 3




Example 5.24

Find the centre, foci and of hyperhola
— - + - -

Solution :

11x? — 25y — 44x + 50y — 256 = 0

11x? — 44x — 25y? + 50y = 256

11(x% — 4x) — 25(y? — 2y) = 256

11(x?> — 4x + 4) — 25(y?> — 2y + 1) = 256 + 44 — 25
11(x — 2)? — 25(y — 1)®> = 275

11(x—2)? 25(y—1)* _

=27
° , 275 , 275
G _ D -1 x=x-2 Y=y-1
25 11
X2 y? . .
% 17— 1 Transverseaxis parallel to x-axis
a® =25 a=5& b?=11 b=+v11

c?=a’+b?=25+11=136
centre = (2,1)
Foci(h+ae k) =(2+61) =(2+6,1);(2—6,1)

c=%6

=(8,1);(—41)
e=S=8
Ta 5
Ex5.4 (3)
Show thattheline — + = touches Ellipse
+ = .Alsofind the co. ordinates of point of contact.
Solution:
X—y+4=0 X2 +3y? =12
2 2
—y=—x—4 % + % =1
2 2
y=x+4 % + y; =1
m=1 c=4

a?2=12 b®=4

condition: ¢2 = a?m? + b?

LHS ¢2=42=16
RHS:  a?m?2+b?=12(1)+4=12+4=16
LH.S=RH.S

line touches Ellipse

2 2
Point of contact = (— %%)

Exercise 5.2 - 8(vi)

Identify the conic and find centre , foci , vertices and
directrices of +
solution :

9x2 —y?—36x—6y+18=0

9x% — 36x — y*> — 6y =— 18

9(x% —4x) — (y> +6y) =— 18

9(X? —4x+4) — (y>+6y+9) =—18+36 -9
9(x—2)2—(y+3)2=9

_2\2 2
£g K27 0% _ 1 x=x—2

T 5 Y=y+3
X2 y2 . .
T 5" 1 Transverse axis parallel to x - axis
{a?=1 a=1;b?>=9 b=3}
?=a’?+b?>=1+9=10 ¢=+10

centre = (2, — 3)

Vertices(h+ak)=(2+1,-3)=(2+1,-3);(2—-1,-3)
=(3,-3):(1,-3)

Foci (h=ak) =(2+v10,-3) =(2++10,-3);(2-V10,-3)

. . _ a a_ a2 1
Eqn of directrices X=% - {E_T_ﬁ}
S = 1 —o__1
X_Z_im x-2+m,X—2 T
CREATED.
Prove thattheline + = touches — =
Find point of contact.
Solution:
5x+ 12y =9 x> —9y? =9
- X2y
12y =—5x+9 S 1—1
y=x+o 2=9 p2=1
_ -5 3 __ 5 __3
y=43X*: m=-5 ¢=3
Condition; ¢ = a?2m?2 — b?
LH.S: c2—(§)2—i
N VY AT
2
ca2m2 k2 —aof3\ _1—090(25)_
RH.S: a2m? — b —9(12) 1=9(2)-1
_225-144 _ 81 _ 9
T 144 T 144 16

LHS=RHS Line touch hyperbola

am

pt of contact = (— ZT _ b_z)

25




Exercise 5.5.(1)

A bridge has a parabolic arch that is

and wide at the bottom. Find the height of the arch

from the centre, on either sides.

solution:

Vertex (0,0) Parabola open downward

Equation x> =— 4ay

Pt B(15, — 10) lies on parabola
(15)2 =— 4a( — 10) 3
225 = 4a(10) =2

da=-7
2 __ 25
EQN X* = 10 A im0y

]

X2 =— % y
PQ is the height of arch 6 m to the right from center.
PP =y,
P(6, —y;) lies on parabola : x? =— 4—25y

45

62 :—7(_)’1)
_2x36_8

YB=25 75

y1 =16m

Heightofarch =10—-y; =10—16 =84m

high in the centre

Exercise 5.5.(3)

At a water fountain, water attains a maximum height of
horizontal distance of

at
from its origin. If the path of

water is a parabola, find the height of water at a horizontal

distance of . from the point of origin.
SOLUTION:
3 N (o 55 W)
F (-T5,4,)
A
u,
Lol r-28 o. v Q re ,.t

From the diagram V(0.5,4)= (h,k)
Parabola open downward.
Equation: (x — h)? =— 4a(y — k)
(0,0) lies on parabola

(x —05)? =—da(y — 4

(0-057 =—4a0—4) (-057=4a(4) 4a=12
Egn: (x —0.5)% =— %(y —4)

Let0Q = 0.75

PQ=y1;

P(0.75,y,) lies on parabola.
0.25
(x—05)* =- 2 =4

(075 - 05)? ===y, — 4)
(0252 == 22y~ 4)
—4%(0.25)2

Yi=4= 0%
y1—4=—4x025=-1
Height of water =y, =—1+4 =3m,

Exercise 5.5.(8)
4) Assume that water issuing from the end of a horizontal
pipe, above the ground, describes a parabolic path.
The vertex of the parabolic path is at the end of the pipe . At
a position 2.5m below the outward beyond the vertical
line through the end of the pipe. How far beyond this
vertical line will the water strike the ground?
SOLUTION:
From the diagram, vertex V(0,0)
Parabola open downward.
Equationx?2 =—4ay — (1)
LetVP'=3m ,VQ=25

P(3, — 2.5) lies on parabola.
subin (1) 32 =—4a(—25)
9 = 4a(2.5)

9

4a= 2—5

(1) becomes x% =— (%) y
Let AC = x, be the distance.

A(Xq, — 7.5) lies on parabola
== (55) 79)
X =—9(—3)
X3 =27
X, =V27 =3v3m
Exercise 5.5 (5)
Parabolic cable of a portion of the roadbed of a
suspension bridge are positioned as shown below. Vertical
Cables are to be spaced every along this portion of the
roadbed. Calculate the lengths of first two of these vertical
cables from the vertex.
Solution :
From the Diagram V(0,3)

? an ¥

x

Parabola open upward
Equation x*> = 4ay

A (30,13) lies on parabola |
302 = 4a(13) |

__ 900
4a = P

2 — 900
Egn x =5V

VP =6,PP =y; P(6Yy;)

(6,y1) lies on the parabola 62 = %yl

_ 36x13 _ 4x13 _ 52

Y1 =50 =10 100 - 02
Height of cable PR = 0.52 + 3 = 3.52m
VQ =12 QQ =y,
(12,y,) lies on parabola
2 - %0
12 = = V1
_ 131613 _ 208 _ 540

17 900 900
Height of cable is = 3 + 2.08 = 5.08m

100
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9) On lighting a rocket cracker if gets projected in a parabolic

path and reaches a maximum height of 4m when it is 6m away

from the point of projection Finally is reaches the ground

away from the starting point . Find the angle of projection at .

Solution :

From the diagram vertex V(0,0)

Parabola open downward i 4
X2 =—4day — (1) e

4 v »
L] p L
/ M ™, |
0 “

Pey) 6w ¢

a«
(b

PC=6m VC=4m
Pt P(— 6, — 4) lies on parabola
(—6)* =—da(—4)
36 = 4a(4)
4a=2=9

4

-Becomes x2 =—9y -(2)
Let O be the angle of projection.
To find 6, Differentiate (2) with respect to x

T Yk dx 9

_ _ gy —f — —Z26 _12_4
m—tane—&at( 6,—4) tan6 = 5 s =3

Angle of projectionat p 6 =tan™?! (g)

4) An engineer design a satellite dish with  parabolic cross
section .The dish is 5m wide at the opening , and the focus is
placed 12 m from The vertex.
(i) Position a coordinate system with the origin at the vertex
and the x-axis on the parabola's axis of symmetry and find an
equation of the parabola.
(i) Find the depth of the satellite dish at the vertex
SOLUTION :
From the diagram
V(0,6)
Parabola open right ward
y? = 4ax
givena=1.2

y? = 4(1.2)x
y? = 4.8x
let x; be depth A (x4,2.5) lies on parabola

(2.5)% = 4.8, =22=13m

EXAMPLE 5.32: The maximum and minimum distances of the
Earth from the Sun respectively are x and . x
. The Sun is at one focus of the elliptical orbit. Find the
distance from the Sun to the other focus.
SOLUTION:
Shortest distance = SA = 94.5 x 106
CA—CS=945x10°
a—ae =945 x 10°
Longest distance = SA" = 152 x 10°
CA +CS =152 x 10°
a+ae = 152 x 10°
a+ae =152 x 10°
a—ae =945x 108
2ae = 57.5 x 108 2ae = 575 x 10°Km
Distance of sun from other focus 575 x 10°km

13 oA -

Depth x4

EXAMPLE 5.31: A semi elliptical archway over one way road
way has and Height of and width of . The truch has
awidth of and heightof . . Will the truck clear
the opening of the archway

Solution:

Archway is in the form of Semi ellipse.

center(0,0)

2 2
Egn:5+5=1 -(1)
Given: AB =2a =12
COD=b=3

(1) becomes

a=b

y2 _ 2 yR_
Let y, be the height of arch 1.5m -
to the right from the center.

i.eQ (1.5y,) lieson ellipse

$2
62

a9 viq o228
36 9 9 36

y; 36-225
9 36
2
Yi_ 3375 2 _ 33.75 — 33.75
9~ 36 Y1 % 9 4
y2 =843 y1 =2.9m

Heignt of truck is 2.7 <29 m
Truck will clear the opening of archway

6) Cross section of nuclear cooling tower is in the shape of a
tall

and the distance from the top of the tower to the centre of
the hyperbola is half the distance from the base of the tower
to the centre of the hyperbola . Find the diameter of the top
and base of the tower

Solution :

hyperbola with equation — — — , tower is

2
Center (0,0) Equation of Hyperbola% - =1

Top of tower from center =y,
bottom of tower from center = 2y,

y, +2y; =150 3y, = 150

[ W T Ve
150 .

Y1 = Yy =50m
let x; be the radius of top of tower o
P(xy,50) lies on Hyperbola.
4 s0% *
302 442 x!'
x4 _ 2500
302 1936
_ 1936+2500 __ 4456
T 1936 1936 _
302
X3 = = (4436) y
44 (xp,=100)
ﬂh"‘ (ﬁ“")

X1 =22+/4436 = 45.41
diameter 2x; = 2(45.41) = 90.82
Let x, be the radius of bottom.

. x5 1002 _
R(X,, — 100) lies on hyperbolaﬁ iz
__1936+10000 __ 11936
T 1936 1936

10000
1936

x3 =2 (11936)
X, =2/11936
Diameter = 2x, = 148.98m
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Ex5.5Q.no (2)
turnel through a mountain for o four lane highway is to have

a elliptical opening . The total width of the highwoy (not the

opening) is to be , and the height at the edge of the road

must be sufficient for a truck high to clear if the highest

point of the opening is to be approximately. How wide

must the opening be ?

Solution :

Opening of the tunnel is in elliptical shape.

Let mid pt of base be center C(0,0)

AB = 2a = widh of opening

HOLUTION:

AC=CB=a
height=b =5 e FLn 1)
i X2 y2 " ',
Egnofellipse: =+==1 =* cam — 2
q p Z 02 N
LS LY b——uidh_of openina ‘

width of highway = 16 m
At the edge, height is sufficient to clear a truck of 4 m height
P(8,4) lieson eIIipse

82 42 16 _ 25-16 _ 9
—+—==1 S=1-== =—
a 25 25 25 25
82x25 82><52 8x5 40
2= 5 = 2 :T___1333( a=>0)

width of opening =2a =2 %1333 =26.66=26.7m

7) A rod of length moves with its ends always touching

the coordinate axes. The locus of a point  on the rod, which is
from the end in contact with -oxis is an ellipse. Find the

eccentricity.

SOLUTION:

AB=12 AP=03

BP=12-03=09

Let O be the angle made with x-axis

Egn:cos?0 +sin’8 =1

Xz S S/ S
092 (032 08 ' 009

_ l2-12_ Jo81-009_ Jo72 _ |72
=172 T/ os1 081 .81

_ [8_2v2
e—\ﬁ— =

EXAMPLE 5.40: Two coast guard stations are located

apart at points (, )and (, ) A distres signal from a
ship at is received af slightly different times by two stations .
If determined that the ship is farther from station

than it is from station B Determine the equation of hyperbola
that passes through the location of the ship .
SOLUTION:
A (0,0) (0,600) Foci
Center = (%ﬂ) = (0,300)
2 2
Transverse axis y-axis Eqn: m (2)2 =1
Given AB=2ae =600 ae= 300
|AP—BP| =2a=200 a=100

b? = (ae)? — a®> = 3002 — 1002
= 90000 — 10000 = 80000
(y—300)2 x2

Equation =550~ ~ G000 — +

10) Points and are apart and it is determine from

the sound of an explosion heard at those points at different

times that the location of the explosion is closer to

than B . Show that the location of the explosion is restricted

to a particular curve and find an equation of if

SOLUTION:

Let A and B be the focus.

AB = 2ae =10 ae =5

Let p be the point of explosion.

|AP—BP|=2a=6
b?=(ae)?—a?=52-32=25-9=16

Locus of pt p is Hyperbola center (0,0)

X2y _

9 16

EXAMPLE 5.35: Certain telescopes contain both parabolic
mirror and a hyperbolic mirror. In the telescope shown in
figure the parabola and hyperbola share focus  which is 14
m above the vertex of the parabola. The hyperbola's second
focus is above the parabola's vertex . the vertex of the
hyperbolic mirror is below . Position of coordinate
system with the origin af the centre of the hyperbola and

with the foci on the -axis Then find the equation of the

hyperbola.

Solution :

V; = vertex of parabola & V,= P

Vertex of hyperbola 2

F1&F, are Foci of Hyperbola but F; |~ I

is focus of parabola also Fai

V;F; =14m V;F, =2m A e

F,F, =2ae=14—-2=12m 4 |

CF; = ae = 6m i

a=6-1=5m a2=25 '\ rF _
J-- —" Parabala

b? = (ae)®> —a? = 6% —

b? =36—-25=11

Transverse axis y axis center (0,0).
y2 2 _

25 11

EXAMPLE 5.36: An equation of the elliptical part of an

optical lens system is —+— = . The parabolic part of the

system has a focus in common with the right focus of the
ellipse .The vertex of the parabola is at the origin and the
parabola opens to the right. Determine the equation of the
parabola.
Solution :

XL 2=16

16 9
b2 = 9ae = Va2 —h2

=V16-9
Foci of ellipse are
(v7,0),(=+7,0)
Given parabolic part of focus
coincides with right focus of ellipse parabola opens right.
Eqgn is y? = 4ax
= 47x

SNATION:
o~

1/,,,,

1
|
|
v
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CHAPTER 6 - VECTOR ALGEBRA

£

(5 MARKS ONLY)
EXERCISE 6.1 (5): Prove by vector method:
cos( — )=cos cos +sin sin
Solution: 9 A Ceosm, =N
AOB=a — P ‘ :

A(cosa, sina)
B(cosPB, sinf)
a=cosai+sinaj & b=cosBi+sinfj
b.a = |b]|alcos (o — B)=(1)(1) cos (a — PB)
=cos(a—B) (D
b.a = (cosB i+ sinfj).(cosa i+ sinaj)
=cosacosf +sinasinB__ (2)
From (1) and (2) cos(a —B) =cosa cos B +sinasinf

EXAMPLE 6.3 : Prove by vector method:
cos( + )=cos cos -sin sin Solution:

Solution: 5
BB

la]=lb]=1 & eyl

— (ot 3

AOB=a+ - Gl =

A(COSC( , Sina) & Blwsp, — sinp)
B(cosPB, -sinf)
a=cosai+sinaj & b=cosBi-sinf]j
b.a = [b]|alcos (a + B)= (1)(1) cos (a + B)

=cos(a +B) (1)
b.a = (cosBi-sinBj).(cosa i+ sinaj)
= cosa cosP - sinasinf 2)

From (1) and (2) cos(a + B) =cosacos P -singsinf

EXAMPLE 6.7 : Prove by vector method that the
perpendiculars (ALTITUDES) drawn from the vertices to the
opposite sides of a triangle are concurrent.

Solution: y
.

In triangle ABC,
Altitudes AD, BE meet at O. :
To prove the third altitude from c to

AB also pass through O.

AD BC OA BC BE CA OB CA
OA BC OB CA
OA.BC=0 OB.CA=0

OA.(OC-0B)=0
OA.OC - OA.OB=0 OB.OA - OB.0C=0
OA.OC = OA. OB OB. OA = 0B. OC

OA.OC =0A.OB & OB.OA =0B.0C
OA.OC =O0B.0OC
OC.0A =0C.OB
OC.0OB -0OC.0A=0
OC.(OB - OA) =0
OoC AB

OC AB
Altitude from C to AB also pass through O

OB.(0OA-0C) =0

OC.AB =0

a

EXAMPLE 6.5: Prove by vector method:

Sin( — )=sin cos -cos sin

Solution: R A e, =i

|a|:|b|: 1 3 B _Peusp,-sinp)
AOB=0o — B e,

>

A(cosa, sina)

B(cosPB, sinf)

a=cosai+sinaj & b=cospi+sinf]j

bxa=|b]la] sin (a — B) k=(1)(@Q)sin(a — B) k
=sin(a - Bk Q)

i j k
cosB sin O
cosa sina O

=1i(0) -j(0) + k (cosp sina - cosasinf)
=k (cosB sina -cosasinB) _ (2)
From (1) and (2)
sin (a — B) k =k (cosp sina - cosasinf)
sin (a — B) = (cosB sina - cosa sinf)

bxa=

EXERCISE 6.1(10): Prove by vector method:-
sin( + )=sin cos +cos sin

Solution: 3 e
P rd i
laj=Ib]= 1 ; \
AOB =0 — B S

A(cosa, sina) & B(cosPB,-sinf3)
a=cosai+sinaj& b=cosBi-sinfj
bxa=|b|la] sin (a + B) k=(1)(Q)sin(a + B) k

=sin(a+pB)k (1)
i i k
bxa=|cosp —sinf O
cosa sina O
=1i(0)-j(0) + k (cosp sina + cosasinp)

=k (cosp sina + cosasinf)
From (1) and (2)
sin (a + B) k =k (cosp sina + cosasinf)
sin (o + B) = (cosp sina + cosasinp)

B )

Example 6.6: If is the midpoint of the side BC of a triangle
, show by vector method that ?\

I+ 1= 0 1+ 1)

Solution:

In triangle ABC , D is mid point of BC
BD =DC & DB DC

Equal magnitude but opposite direction \b

|AB|? + |AC|?

|AB + DBJ? + |AB + DC|2

|AD + DBJ|? + |AD — DB|?

|AD|? + |DB|? + 2AD DB + |AD|? + |DB|> —2AD DB

D° ¢

DC =—DB

2|AD|? + 2|DB|?
= 2(]AD|? + |DB|?)
2(]AD|? + |BDI?)
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Exercise 6.3 (4):

If =2 +3-, =3+5+2, =— -2 +3,
verify that
@Cx)I)x =C.) -C.)
@ x( x)=C.) -C. X
Solution:
a=2i+3j-kb=3i+5j+2kc=—i-2j+ 3k
@Cx)I)x =C.) -C.)
L.H.S
i j k
axb=|2 3 —1|=i(6+5)-j(4+3)+k(10-9)
3 5 2

=i(11)-j(7) +k(1)=11i-7j+k

i j Kk
(axb)xc=1]11 -7 1
-1 -2 3

=i(-21+2)-j(33+1)+k( —22-7)
=i(-19)-j(34) +k( —29) =-19i- 34j - 29k
ac=(2i+3j-k).(—i-2j+3k)
=2(-1) + 3(-2) +(-1)(3) =-2-6-3=-11
b.c = (3i + 5j + 2k).(— i - 2j + 3k)
=3(-1) + 5(-2) + 2(3) =-3-10+6 = -13+6 = -7
(a.c)b-(b.c)a
=-11Bi+5+2k)— (- 7)Ri+3j-k)
= -33i - 55j - 22k + 14i + 21j - 7k = -19i - 34j - 29k

RH.S.

L. HS=RHS (axb)xc=(ac)b-(b.c)a

@ x( x)H)=C. ) -C.)
LHS

i j kK
3 5 2
-1 -2 3
=i(19)-j(11) +k ( —1) =19i-11j- 1k.

bxc= =i(l15+4)-j(9+2)+k(—6+5)

i ]k
ax(bxc) ={2 3 -1
19 -11 -1

=i(-3-11)-j(-2+19) +k (—22-57)
=i(-14)-j(17) +k ( = 79) =-14i - 17 - 79k.
ac=(2i+3j-k).(—i-2j+3k)
=2(-1) + 3(-2) +(-1)(38) = -2-6-3=-11
ab=(2i+3j-k).(3i+5)+ 2Kk)
=2(3) +3(5) + (-1)(2) = 6+15-2 =19
(ac)b-(ab)c
= (-11) (3i + 5) + 2k) - 19(— i - 2j + 3k)
= —33i - 55j - 22k + 19i + 38j - 57k= -14i - 17 - 79k
ax(bxc)=(ac)b-(ab)c

Example 6.23:

f = -, =--4, =3-, =2 +5 + ,verify
that

®wC IxC H)=0..1-[..1

Solution:

a=i-jb=i-j-4kc=3j-kd=2i+5j+k
(i) (axb ) x (cxd ) = [a,b,d]c - [a,b,c]d

L.H.S
i k =i(4 —0)-j(—4—0)+k(-1+1)
axb =1 —1 0o =i@)-j(-4+k(0)=4i+4]
1 -1 -4
i j kK =i(3+ 5)-j(0+2)+k(0-6)
cxd=fo0 3 -1 = i(8)-j(2)+k(-6) = 8i- 2j -6k
2 5 1
i k
@b)x(exd)=|4 4 o
8 -2 -6
=i(—24—-0)-j(—24—-0)+k(-8-32)
= i( — 24)-j(—24)+k(-40)=-24i+24j-40k
R.H.S
1 -1 O
[abd]=(1 -1 —4[=1(-1+20)+1(1+8)+0(5+2)
2 5 1
=1(19)+1(9)+0 = 19+9 = 28
1 -1 0
[abc] =1 —1 —4| =1(1+12)+1(-1-0)+0(3+0)
0O 3 -1

=1(13)+1(-1)+0=13-1=12
[abd]c-[abc]d =28 (3j-K) — 12 (2i + 5 +K)
= 84 - 28Kk - 24i - 60j -12k = -24i + 24j - 40k

LHS=RHS (axb)x(cxd) =T[abd]c-[ab.c]d
ac H)xC H)=r..1-0..1
LHS:
i k =i(4 —0)-j(— 4 — 0)+k(-1+1)
axb =1 -1 o =i(4)-j(—4)+k(0) = 4i+ 4]
1 -1 -4
i j kK =i(3+ 5)-j(0+2)+k(0-6)
exd =0 3 -1 =i(8)-j(2)+k(-6) = 8i- 2j -6k
2 5 1
i k
@b)x(cxd)=|a 4 o0
8 -2 -6

=i(— 24— 0) -j( — 24 — 0)+k(-8 - 32)
=i( — 24)-j(—24)+K(-40)= - 24i+24j-40k

1 -1 0 =13+ 5)+1(0+2)+0(0-6)
[acd] =]0 3 -1 =1(8) +1(2)+0=8+2=10

2 5 1

1 -1 -4 =1(3+ 5)+1(0+2)- 4(0-6)
[bcd]l=j0 3 -1 =1(8) +1(2) - 4(-6)

2 5 1 =8+2+24 =34

[a,c,d]b - [b,c,d]a

=10(i-j-4k) —(34)(i - )= 10((i - j - 4k) —34(i - j)
=10i-10j - 40k- 34i + 34 = -24i + 24j - 40k
LHS=RHS
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Exercise 6.5(4):
Show that the lines— =——z-1=0.and

——=-—"y —2=0intersect. Also find the point of
intersection.

Solution:

x-3 3 _y-3 3 x-3 _y-3_ z-1
= om0 o ETE
x—6 z—1 Xx—6 _y-2 __ z-1
2z -3V 2=0 =T E o
a=3i+3j+k b=3i-j+0k
c=6i+2j+ k d=2i+0j+3k

b and d are not parallel.

-a=6i+2j+ k-3i-3j- k=3i-j

i j k
bx d=13 -1 0|=1(-3)-j(9)+k(0+2)
2 0 3

=-3i-9j+2k
(c-a).(bxd)y=@i-j).(-83i-9j+2k)
= 3(-3)+(-1)(-9)+0
=0
The lines are intersecting

Any point on the line
S_y83_ zZi_

x-3=3\y-3=-A,2z-1=0
x=3+3\y =3-A\2z=1

Any point (3+ 3\, 3-A,1)
x6 _y2__ z-1

X-6=24,y-2=0,2z-1=3y
X-6=24,y-2=0,2z-1=3y

X =2Uu+6,y

=2,z=3pu+1

any point(2p+6, 2,3u+1)

Since line intersects for some Aand p
(B+3\3-A1)=(2p+6,2,3u+1)
3-A=2 -A=2-3=-1 A=1
3py+1=1 3uy=1-1=0, pu=0.
Point of intersection (6,2, 1)

Example 6.33: Show that the lines— =—=—and
——=——=zintersect. Also find the point of intersection.
Solution:

x-1_y-2_z-3 x=4 _y-1___2-0

2~ 3 4 5 2 T
a=i+2j+3k b=2i+3j+4k

c=4i+j+0k d=5i+2j+k

b and d are not parallel.

c-a=4i+j+0k-i-2j-3k=3i-j-3k

i j k
bx d=12 3 4/=1i(3-8)-j(2-10)+k(4 —15)
5 2 1
=-5i+8j-11k

(c-a).(bxd)=@i-j-3k).(=5+ 8j — 11k)
=3(-5) + (-1)(8) + (-3)(-11)
=-15-8+33=0

The lines are intersecting

Any point on the line
x“1_y-2_z=8 _
IR )
x—=1__ y—2 _ z-3 __

z M A=A
X=1=2\ y-2=3\ z-3=4A
X =2\+1, y=3\+2, z=4\+3

Anypoint (2A+1, 3A+ 2,4\ +3)

Any point on the second line

Xx—4 _y—-1_2z-0_
5 2 1 M
X—=

__“v —U| “

x—4:5u, y—1:2u,z:u
X=5pu+4y=2p+1lz=y

Anypoint (5u+4, 2p+1, )

Since line intersects for some Aand

(2A+1, 3A+2,4\+3)=(5u+4, 2u+1, )
Equating x—co ordinate 2A+1 =5 u+4

2\-5u=3 (@)
Equating z-coordinate: 4A+3 = p
AIN— p= -3 2

(LDx2 4A-10pu= 6
(2)x1 AIAN—p =-3

o+ +
-9y =9
v=-1
Substitutepy = —1indA—py = -
AIAN-(—1)=-3
4\ +1 = -3

A =-3-1=-4
A =41
So point of intersection is (-1, -1, -1)
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Example 6.37: Find the coordinate of the perpendicular drawn
from the point (-1, 2, 3) to the straight line

=( -4 +3 )+t(2 +3 + ), alsofindthe shortest
distance from the given point to the straight line.

Solution: r=(i- 4j+3k)+t(2i+3j+ k)
a=i-4j+3k (x1.,y1,21) =(1, -4, 3)
b=2i+3j+ k (b1 ,b2,b3)=(2,3,1)

Cartesian equation is; ~——t=Y 1 -2"%
b1 b2 b3

x—1__y+4 _z-3
T3 1
y+4 _z-3 _
3 1 t
z—3
1

N

To find any point : % =

x—1_ ., y+4
2 =t 3

X=2t+1,y=3t-4,z=t+3
Any pointis (2t +1,3t-4,t+ 3)
Let foot of the perpendicular B(1 + 32t +1, 3t- 4, t + 3)
Point A(-1, 2, 3)
Direction ratios of line joining two points A and B
Drs=(2t+1+13t-4-2,t+3-3)=(2t+2,3t-6,1)
D.r's Of the given lineis 2, 3,1

:t’ =t

Since lines are perpendicular:
22t +2)+3@3Bt-6)+(1)(t)=0
4t+4+9t-18+t =0 14t-14=0 14t=14 t=1
Point of intersection is (2(1)+1, 3(1) -4,1 + 3)
=(3,-1,4)
Shortest distance of the point A from the line
A=(-1,2,3)andB(3,-1,4)
AB=@ = (-1))*+ (—1-2)2+ (4-3)
=/(3+1)2+ (—3)2+12 =16 +9+1=+26

Example 6.35: Determine whether the pair of straight lines
=(2 +6 +3 )+t( +3 +4 )and
=(2-3 )+s( +2+3 ) areparallel and find the
shortest distance between them

SOLUTION;
a=2i+6j+3k b=2i+3j+4k
c=2j-3k d=i+2j+3k

clearly b is not scalar multiple of d so the vectors are not

parallel and hence the lines are not parallel.

c-a=2j-3k—2i-6j-3k=-2i-4j-6k

i j k

2 3 4

1 2 3
= i-2j+k

(c-a).(bxd)= (-2i-4j-6k).(i-2j+ k)

=(-2)(1) + (-4 (-2) + (-6)(1)
=-2+8-6=0
The lines are coplanar so lines are intersecting
so distance =0

bx d= = 1(9-8)-j(6-4)+k(4-3)

Example 6.34:
Find the parametric form of vector equation of a straight line

passing through the point of intersection of the straight lines
=( +3-)+t(2 +3 +2 )And

— = — = —~_and perpendicular to both straight lines.

Solution:
r=(i+ 3j-k)+t(2i+3j+2k)
a= i+ 3j-k (X1 .y1,21) =(1,3,-1)
b=2i+3j+2k (b1,b2,b3)=1(2,3,2)
Cartesian equation js ; =t =Y -2"%4
by by bz
x—l_u_z+l
2~ 3 2
. oo x—1_y-3__z+1
Tofmdanypomt.T—T—T—t
X1 _, y-3_ . z+1_
= L EL =t

X=2t+1y=3t+3,z=2t-1
Any pointis (2t +1,3t + 3,2t-1)

X2 y4 _ 2e3

SECOND LINE: > = 5T 2

To find any point let X_Z:%z 21325
x=2_ y=4_ z*3_

1S TS

X=s+2,y=2s+4,2=4s-3
Any point (s + 2,2s +4,4s-3)
Since lines are intersecting
(2t+1,3t+3,2t-1)=(s+2,25+4,45-3)
xcoordinate: 2t+1=s+2 2t-s=2-1 2t-s=1
y coordinate: 3t+3=2s+4 3t-2s=4-3 3t-2s=1
zcoordinate : 2t— 1= 4s-3 2t-4s=-3+1

2t—4s= -2

2t—4s= -2divideby2 t-2s =-1
solvingwegett=21ands=1
pointis (1+2,2(1)+4,4(1)-3) =(3,6,1)
i j k
2 3 2
1 2 4

bx d = =i (12-4)-j(8-2)+k(4—3)

=8i-6j+k
Equation of line: through (3,6,1) and parallel to 8i - 6j + k
a=3i+6j+kb=i-6j+k
Vector equation:r =a +t b, te

a=@i+6j+k)+t (i-6j+k)
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Example 6.43
Find the non-parametric form of vector equation , and

Cartesian equation of the plane passing through the point
(0,1,-5) and parallel to the straight lines

=(+ - )+ ( + + )and

=(—- + )+ (+ —-).

Solution:

Point : a= 0i+1j—5k (X1,¥1,21) = (0,1,-5)

Parallel vector : b=2i+3j+6k (bq, by, b3)=(2,3,6)

Parallel vector: c=i+j—k (c1,C,03)=(11,-1)

X=X1 Yy = VY1 Z2—72;
Cartesian Equation : by by b; [=0
C1 C2 Cs
x—0 y—1 z+5
2 3 6 |=0
1 1 -1

(X)(-3-6) - (y-1)(-2-6)+(z+5)(2-3) =0
X(-9) - (y-D)(-8)+(z+5)(-1) =0
-Ox +8(y-1)-1(z+5)=0 -9x+8y-8-z-5=0
-O9x+8y -z =13
9x - 8y+ z=-13
Non parametric vector equation:
Xi+yj+2zk).(-9i+8j-k) =13 r.(-9i+8j-k) =13

Exercise 6.7(1)

Find the non-parametric form of vector equation and
Cartesian equation of the plane passing through the point

(2,3,6) and parallel to the straight lines — —and

Solution:

Point : a= 2i+ 3j+6k (X1, ¥1,21) = (2,3,6)

(blv b2¥ b3) = (27 37 1)
(Cl! Co, C3) = (2| '5| '3)
y - Y1 2724
b, bs
Co Cs3

zZ—6

Parallel vector : b =2i+ 3j + 1k

Parallel vector::c = 2i — 5j — 3k
X — X3
by
C1

Cartesian equation : 0

X—2 y—3
2 3 1
2 -5 -3
(X-2)(-9+5) - (y-3)(-6-2)+(z-6)(-10-6)
(x-2)(-4) - (y - 3)(-8)+(z- 6)(-16) =0
-4(x-2) +8(y-3)-16(z-6) =0
-4x+8+8y-24-162+96 =0
x-2y +4z +80=0 x-2y+4z =20
Non parametric vector equation:
(xi+yj+ zK).(i- 2 j+4k) =20 r.(i- 2 j+4k) =20

0

0

Example 6.44:

Find the vector parametric, vector non-parametric and
Cartesian form of the equation of the plane passing through th
points (-1,2,0), (2,2,-1) and parallel to the straight line

_ o+ +

. x—=1 2y+1 z+1
SQIIIIIQn z - ay* =
1 2 -1
1 1
x—1 _ 2(y*3) _ z+1 _O0+3) _ zh1
1 2 T 4 1T 4

a= -li+2j+0k (X1,¥1,21) =(-1,20)
cb=2i+2]—1k(X2,¥2,22) = (2,2,-1)

rewritten as X;ll

Point :

Point

Parallel Vector:c=i+j—k (cq,Cyc3)=(1,1,-1)

b-a= 2i+2j— 1k — (-1i + 2j + Ok ) = 2i + 2j — 1k+1i — 2j
= 3i+0j— 1k

Parametric Vector equation: r= a+ s(b — a)+ tc

r =(-1i + 2j + Ok )+ s(3i + 0j — 1K) + t (i +j—K)

X—=X2 Y —=—Y1 Z2— 23
Cartesian Equation: (X2 =X1 Y2 —Y¥1 Z2 =211 =0
C1 C2 Cs
x—(=-1) y—-2 z-0 x+1 y—2 z
2—-(-1) 2-2 -1-0|=0 3 0 -1|=0
1 1 -1 1 1 -1
(x+1)(0+1)-(y-2)(-3+1)+(2)(3) =0
1(x+1)+2(y-2)+3(z) =0 X+1+2y-4+3z =0

X+2y+3z-3=0 x+2y+3 =3
Non parametric vector equation:
xi+yj+zKk).(i+2j+3k) =3  r.(i +2j+3K) =3

Exercise 6.7 (2):
Find the parametric form of vector equation , and Cartesian

o equations of the plane passing through the points (2,2,1) ,

(9,3,6) and perpendicular totheplane + + =
Solution:
Point : a=2i+2j+k (X1,¥1,21) =(22,1)

Point : b=9i+3j+ 6k (X2,Y2,25) = (9, 3,6)
Parallel Vector: ¢c=2i+6j+ 6k(cq,Cy c3) =(2,6,6)
b—a=9i+3j+ 6k—(Qi+2j+Kk)

=9i+3j+ 6k—2i—2j—k= 7i+1j+5k
Parametric Vector equation: r=a+ s(b — a) + tc
r=(2i+2j+k)+s(7i+1j+5k)+ t(2i+6j+ 6k)

X—=X1 Yy — VY1 Z—12;
Cartesian Equation:: [X2 = X1 Y2 —VY1 Z2—Z1({=0
Cy Co Cs
x—2 y—2 z—-1 X—2 y—2 z—-1
9-2 3-2 6-1|=0 7 1 5 [=0
2 6 6 2 6 6

(x- 2)(6-30)-(y-2)(42-10) + (z-1)(42-2)=0
-24(x-2)-32 (y-2) +40(z-1) =0
— 24X +48-32y + 64 +40z-40 =0
—24x-32y+40z+72 =0
3x+4y -52-9=0
Non parametric vector equation:
(xi+yj+2zk).(3i+4j-5k)-9=0
r.(3i+4j-5k)=9
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Exercise 6.7(4)

Find the non-parametric form of vector equation and Cartesian
equation of the plane passing through the point (1,-2,4) and
perpendiculartotheplane + — = and parallel to

the line— = —=~-
Solution: (1,—2,4) x+2y—3z=11 %7 =£2=2
Point : a=i—2j+4k (X{,¥1,21) =(1,-2,4)

Parallel Vector: b= i+2j—3k (b, by, b3)=(1,2-3)
Parallel Vector: ¢c=3i—j+k  (cq,CC3)=(3,-1,1)

Parametric Vector equation: r= a+ sb+ tc
=( —2 +4 )+s( +2 =3 )+t (3 - + )

X=Xy Yy = Y1 Z2—21
Cartesian Equation:| b1 b b; |=0
C1 C2 C3
x—1 y+2 z—-4
1 2 -3 1]=0
3 -1 1

(x-1)(2-3) - (y+2)(1+9)+(z-4)(-1-6) =0
(x-1)(-1) - (y+2)(10)+(z-4)(-7) =0
-1(x-1) -10(y + 2)-7(z-4) =0
-X+1-10y-20-7z+28=0
X+ 10y+7z-9=0

Non Parametric Vector Equation:

(Xi+yj+2zK).(i+10j+7k)— 9=0
r(i+10j+7k)—9=0

-x-10y -7z +9=0

3. Find parametric form of vector equation and Cartesian
equations of the plane passing through the points (2,2,1) ,
(1,-2,3) and parallel to the straight line passing through the
points (2,1,-3) and (-1,5,-8).

Solution:. OP=2i+j—3k 0Q=-i+5j—8k

PQ=0Q — OP=—i+5j—8k—2i—j+3k=-3i+4j—5k

Point : a=2i+2j+k (X1, ¥1,21) = (2,21)
Point : b=i —2j+3k (X2, ¥2,2,) =(1,—2,3)
Parallel Vector :c= -3i+4j—5k (cq,¢Cy C3)=(-3,4,-5)
b-a=i—-2j+3k—(Q2i+2j+Kk)
=i —2j+3k —2i—2j-3k=—i—4j+ 2k
Parametric Vector Equation: r= a+ s(b — a) + tc
r=(2i+2j+k)+s( —i—4j+ 2k)+ t( -3i+4j—5k)
X=X1 Y —VY1 Z2— 23
Cartesian Equation: |X2 = X1 Yo —=Y¥1 Z2—Z1|=0
C1 C2 Cs
x—2 y—2 z-—1
1-2 -2-2 3-1(=0
-3 4 -5
XxX—2 y—2 z-1
-1 —4 2 =0
-3 4 -5

(x-2)(20-8) - (y-2)(5-+6)+(z-1)(-4-12) =0
12(x-2) -11(y-2)-16(z-1) =0
12x-24-11y+22-16z+16=0
12x-11y -16z+14 =0 12x -11y -16z = -14
Non Parametric Vector Equation:
(xi+yj+zk).(12i-11j — 16k) =-14
r(12i-11j — 16k) =-14

5. Find the parametric form of vector equation, and
Cartesian equations of the plane containing the line

=( -+ )+ ( — + )andperpendicularto
plane - ( + + )= .

containing the line r = (i —j + 3k) + t(2i — j + 4k)

: aZI_J+3k (Xllyllzl):(ll_lls)
Parallel Vector: b= 2i—j+4k (bq, by, b3) =(2,-1,4)
(Cll C2, C3) = (11 21 1)

Parametric Vector equation:r= a+ sb+ tc
=( = +3 )+s(2 — +4 )+t ( +2 + )

Point

Parallel Vector: c= i+ 2j+k

X=Xy Y = Y1 2= 21
Cartesian Equation:| b b b; [=0
Cy C2 Cs
x—1 y+1 z-3
2 -1 4 =0
1 2 1

x-1D(1-8)-(y-1)(2-4)+(z-3)(4+1)=0

*-1)(9) -y +D(-2)+(z-3)(5) =0

-9(x-1) +2(y +1D)+5(z-3)=0

-OX+9+2y+2 +52-15=0

-9x+2y +52-4=0 9x-2y-5z+4=0
Non Parametric Vector Equation:
(xi+yj+2zk).(9i-2j-5k)+4=0

r(9i-2j-5k)+4=0

6. Find the parametric vector , non-parametric vector and
Cartesian form of the equations of the plane passing through

the three non-collinear points (3,6,-2) ,
(-1-2,6), (6,4,-2).

Solution:

Point : a= 3i+6j—2k (X1,¥1,21)= (3,6,-2)
Point : b=-i —2j+6k,(X5,¥,,2)=(-1,—-2,6)
Point : c¢= 6i+4j— 2Kk(X3,Y3,23) = (6, 4,-2)
b-a=-i —2j+6k—-3i—6j+2k=-4i—8j+ 8k

c-a=6i+4j—2k—-3i—6j+2k=3i—2j+0k
Parametric Vector Equation:
r=a+sb—-—a+t(c—a)

r =(3i+6j—2k)+s(-4i—8j+ 8k) +t( 3i—2j+ 0k)
X=Xy Y —VY1 Z2—12;
X2 =Xy Y2—VY1 22— 173
X3 = X1 Ys—Y1 Z3— 173
Xx—3 y—=6 z+ 2
-1-3 —-2—-6 6+ 2
6 —3 4-6 -2+ 2
X—3 y—6 z+ 2
-4 -8 8
3 -2 0
(x-3)(0+16)-(y-6)(0-24)+(z+2)(8+24)=0
16(x-3) +24(y-6) +32(z+2) =0

16 x-48 +24y-144+322+64=0
16x+24y +32z -128 =0 2x +3y +4z -16
Non Parametric Vector Equation:
Xi+yj+zk).(2i+ 3] + 4k) =16

r(2i+3j + 4k) =16

Cartesian Equation : =0

=0

=0

=0
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Example 6.46
Show thatthelines =(- - - )+ ( + + )and
=( + + )+ (+ + )arecoplanar.Alsofind the

non-parametric form of vector equation of the plane
containing these lines.

Solution

r=a+tb, r=c+sd
a=—1i-—3j—5k b = 3i+5j + 7k,
¢ = 2i+4j+6kand d=i+4j+7k

We know that the two given lines are coplanar, if
(c—a) (bxd)=0

i j k
bxd=|3 5§ 7[/=7i—14j+7k

1 4 7
c—a=2i+4j+6k — ( —i—3j—5k)

=2i+4j+6k +i+3j+5k =3i+7j+ 11k
(c—a) (bxd)=@Bi+7j+11k) (7i—14j+7k)
=21-98+77 =98-98 =0
(r—a) (bxd)=0
(r—=(—i—38j—5k)) (7i—14j+7k)=0.
r (7i—14j+7k) —(—i—3j—5k)) (7i—14j+7k)=0
r (7i—14j+7k)—(—7+42-35)=0
r (7i—14j+7k)=0 (=+by7) r (i—2j+Kk)=0

EX 6.8 (1).
Show that the straightlines =( + - )+ ( + -—
and =( + + )+ ( + + )arecoplanar. Find

the vector equation of the plane in which they lie.

Solution:

Leta=5i+7j—3k b = 4i+4j— 5k

¢ = 8i + 4j + 5k d=7i+j+3k

For coplanar (c—a) (bxd)=0
i ok

bxd =|4 4 —s|=i(12+5)—j(12+ 35) + k(4 — 28)
7 1 3

b xd=17i—47j — 24k
c—a=(8i+4j+5k)—(5i+7j—3k) =3i—3j+8k
(1) @i—3j+8k) (17i—47j—24k) =51+141-192=0
The two given lines are coplanar so,
the non-parametric vector equationis (r—a) (bxd)=0
r (bxd)=a (bxd)
r (17i —47j — 24k) = (5i + 7j — 3k). (17i — 47j — 24K)
r (17i—47j—24k) = 85 —329 + 72
r (17i— 47— 24k) =— 172

EX 6.8 (2).

Show that lines— = — = —and — = — = —are
coplanar. Also, find the plane containing these lines.
Solution: From the lines we have,

(Xllyll Zl) = (21314) & (XZIyZI 22) = (11415)
(bll b2! b3) = (11113) &(dll dZI d3) = ( - 31211)

Xo=X1 Y2—VY1 22— 273
Condition for coplanarity: | b1 b, bs [=0
dy d; ds
-1 1 1
=111 3([=(@0-6)—-11+9)+1(2+3)
-3 2 1
=5-10+5=0

The given two lines are coplanar.
Cartesian form of equation of the plane containing the two
given coplanar lines.

X=X3 Y=Y1 Z2—Z2; X—2 y—3 z—4
by b, b; |=0 1 1 3 |=0
dy d, ds -3 2 1

X—2)[1-6]—(y—-3)[L+9]+(Z—-4)[2+3]=0
—-5(x—2)—10(y—3)+5(z—-4)=0
—5x+10—10y+30+5z2—20=0
—5x—10y+5z+20=0

(=by—5) x+2y—z—4=0
EX 6.8 (4).
If the straight lines— = — = -—and— = — = —: are

coplanar, find and equation of the planes containing these
two lines.

Solution:From the lines we have,

(X1|yl| Zl) = (11 - 110) and (X2vy2| 22) = (_ 11 - 110)

(b1, by, b3) = (2,7, 2) and (dy,d,,d3) = (5,2,N)

Condition for coplanarity

X2 =Xy Yo—=VY1 22773

bl b2 b3 =0

dy dz ds
-2 0 0

2 A 2/=0 —-2A%—-4)=0,AM°=4 A==%x2
5 2

X—=Xp Y=Y1 Z2—73
() IfA=2| by b, bs |=0
d; dz ds

x—1 y+1 z

2 2 2|=0

5 2 2

x—1)[0]—-(y+1)[4—10]+z[4—10]=0

6(y+1)—6(z2)=0 6y+6—6z2=0
(=by6) (y—-z+1)=0
X=Xp Y=Y1 Z— 123
(i) IFA=—2 | by b, bs [=0
dy d; ds

x—1 y+1 z
2 -2 2(=0
5 2 -2

x—D[0]—-(y+1)[—-4—-10]+z[4+10]=0
14y +1)+14z=0 14y+14+14z=0
(=byld) y+z+1=0

EX6.9 (8).

Find the coordinates of the foot of the perpendicular and
length of the perpendicular from the point ( , , ) tothe
plane + + =
Solution:

I P(4,3,2)

Direction of the normal plane (1,2,3)
d.csofthePQis (1,2,3) Eqgn of PQ; % = ? = % =k
X1 :k+4!yl :2k+3,21 =3k+2
This passes through the plane x + 2y + 3z = 2
k+4+2(2k+3)+3@Bk+2)=2
k+4+4k+6+9k+6=2
14k=2-16 14k=—14 k=—

The coordinate of the foot of the perpendicular is
31,-1)

Length of the perpendicular to the plane is

V14 units

_ | 4+2(3)+3(2)-2 | _ |4+6+6—2| _ i _
|\/(1)2+(2)2+(3)2| I V1+4+9 I V14
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